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INTRODUCTION

Modern aerial vehicle navigation systems, whether low-

altitude unmanned aerial vehicles (UAVs) or high-altitude

aircraft, rely on global navigation satellite system (GNSS)

signals [1]. However, relying on GNSS alone does not

yield a continuous flow of resilient position, velocity, and

time estimates. In recent years, GNSS radio frequency

interference (RFI) incidents have increased dramatically,

threatening the safety of flight operations [2], calling for a

reliable alternative to GNSS signals in the event that these

signals become unusable [3]. Signals of opportunity

(SOPs) [4], [5], [6], [7] have been the subject of extensive

research, where they have shown promise to be a stand-

alone navigation alternative to GNSS. SOPs can be terres-

trial-based (e.g., FM radio [8], [9], cellular [10], [11],

[12], [13], and digital television [14], [15]) or space-based

(e.g., low Earth orbit (LEO) satellites [16], [17], [18]).

Among terrestrial SOPs, cellular signals have shown the

most promise for aerial vehicle navigation [19], achieving

submeter-level accuracy in a standalone [20] and differen-

tial [21] navigation fashion.

Assessing terrestrial SOPs on low-altitude UAVs and

high-altitude aircraft has been considered in the context of

channel modeling, communication, and navigation [22], [23],

[24], [25]. Of particular note is the recent week-long flight

campaign by the Autonomous Systems Perception, Intelli-

gence, and Navigation (ASPIN) Laboratory in collaboration

with the U.S. Air Force (USAF) to study the potential of

cellular SOPs for high-altitude aircraft navigation. This cam-

paign, called “SNIFFER: Signals of opportunity for Naviga-

tion In Frequency-Forbidden EnviRonments,” revealed that

terrestrial cellular SOPs can be acquired and tracked at alti-

tudes reaching 23,000 ft above ground level and at horizontal

distances of more than 100 km away, and could yield meter-

level accurate navigation solutions without GNSS [26], [27].

At high altitudes, it was recently discovered that more

than a hundred cellular SOPs can be acquired and tracked,

fromwhich pseudorangemeasurements can be extracted [28].

Tracking all such SOPs simultaneously could be formidable

on platforms with limited size, weight, power, and cost

(SWaP-C) or unnecessary, since tracking a subset of the SOPs

could yield a comparable performance. As such this article

considers the transmitter selection problem, where an aerial

vehicle is tasked with selecting a subset of the SOPs, to mini-

mize the receiver’s computational strain. Figure 1 illustrates a

real-world scenario in which the problem of transmitter selec-

tion was encountered. Here, the white pins denote M ¼ 57

cellular SOPs which the aerial vehicle-mounted receiver was

able to acquire and track.

A similar problem to transmitter selection has been stud-

ied in the literature in the context of sensor selection for tar-

get tracking [29], [30]. Sensor selection problems are

typically formulated as an integer programming (IP) prob-

lem, which is difficult to solve in a computationally efficient

fashion, while finding the optimal solution via exhaustive

search becomes formidable for large sensor networks. To

circumvent this, several heuristic and suboptimal algorithms

have been proposed. Some approaches formulate the sensor

selection problem as a convex or nonconvex optimization

problem [31], [32], [33], [34], [35]. Others have approached

this problem as a greedy sensor selection by leveraging the

notion of submodularity [36], [37] or by utilizing the Fisher

information matrix (FIM) [38], [39].

It is rather difficult to explicitly solve the transmitter selec-

tion optimization problem efficiently for a large number of

transmitters due to the integer constraints. As such, this article

aims to extend the findings in [40] by proposing two
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suboptimal, computationally efficient transmitter selection

strategies, termed opportunistic greedy selection (OGS) and

one-shot selection (OSS). The proposed strategies are simple,

yet highly effective at selecting the “best” transmitters without

explicitly solving the IP problem. The proposed strategies

exploit the additive, iterative properties of the FIM, where the

OGS selects the most informative transmitters in finite itera-

tions (i.e., recursively), while the OSS selects in one iteration

(i.e., batch). Numerical simulations are presented analyzing

the performance of the proposed selection strategies, where it

is concluded that OGS performs closely to the optimal selec-

tion, while executing in a fraction of the optimal selection’s

time. Experimental results are also presented for a USAF

high-altitude aircraft navigating without GNSS in a rural and

a semiurban region. The effectiveness of the selected SOPs on

the navigation performance is also demonstrated. The position

root-mean-squared error (RMSE) with the optimal, OGS, and

OSS were 4.53, 6.28, and 7.13 m in the rural region; and 5.83,

6.08, and 6.70 m in the semiurban region for an aircraft tra-

versing a trajectory of 1.48 and 1.22 km, respectively. It is

important to highlight that the SOP selection subset was found

to be valid over a trajectory of several kilometers, since the

aerial vehicle-to-SOP geometry is approximately stationary

for sufficiently faraway SOPs.

The rest of this article is organized as follows. The

“ProblemDescription” section overviews the considered prob-

lem. The “Problem Formulation” section formulates the trans-

mitter selection problem. The “Transmitter Selection

Framework” section presents the selection strategies. The

“Selection Strategy Analysis” section analyzes the proposed

selection strategies. We then present the “Simulation Results,”

section. The “Experimental Results” section provides

Figure 1.
Motivating example. M ¼ 57 terrestrial SOP transmitters (white) in the environment relative to the aerial vehicle’s selection point (black

cross). What is the “best” (most informative)K < M subset of SOPs for navigation?

Image licensed by Ingram Publishing
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experimental results for an aerial vehicle flying in two different

regions. Finally, we present the “Conclusions” section.

PROBLEM DESCRIPTION

To motivate the transmitter selection problem, consider the

scenario depicted in Figure 2, in which an aerial vehicle is

navigating in an environment comprising M terrestrial

SOP transmitters. During flight, the aerial vehicle experi-

ences GNSS outage (e.g., due to RFI or spoofing). The

aerial vehicle is assumed to have a map of the SOP loca-

tions (e.g., loaded prior to flight or transmitted from a

nearby uplink station). The aerial vehicle is assumed to be

equipped with receivers capable of extracting pseudorange

measurements from the SOPs, which will be used instead

of GNSS to navigate the aerial vehicle. Due to SWaP-C

constraints (e.g., limited payload, processing power, etc.),

the aerial vehicle can only use signals from (K < M)

SOPs. What is the “best” (most informative) SOP subset

to select?

PROBLEM FORMULATION

This section formulates the transmitter selection problem.

PSEUDORANGE MEASUREMENT MODEL

Consider an aerial vehicle equipped with an onboard

receiver capable of extracting pseudorange measurements

from M terrestrial SOPs in the environment. The pseudor-

angemeasurementmade by the receiver to the ith SOP, after

discretization andmild approximations, is modeled as

zsi ðkÞ ¼
��rrrrrrrrðkÞ � rrrrrrrsi

��
2
þ c � dtrðkÞ � dtsiðkÞ

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
hi xxxxxxxðkÞ½ �

þvsiðkÞ

(1)

where, rrrrrrrr ¼ ½xr; yr; zr�T is the three-dimensional (3D)

position vector of the aerial vehicle, rrrrrrrsi ¼ ½xsi ; ysi ; zsi �T

is the 3D position vector of the ith SOP, dtr is the aerial

vehicle-mounted receiver’s clock bias, dtsi is the ith

SOP’s clock bias, c is the speed of light, and vsi is the ith

SOP’s measurement noise, which is modeled as a zero-

mean white Gaussian sequence with variance s2
si

and is

assumed to be independent across all SOPs. The dynamics

of the clock error is described in Appendix A.

FISHER INFORMATION MATRIX

The proposed transmitter selection strategies aim to

choose the most informative measurements, which moti-

vates adopting the FIM defined as

IðxxxxxxxÞ ¼ E
@ln pðzzzzzzzjxxxxxxxÞ

@xxxxxxx

� �
@ln pðzzzzzzzjxxxxxxxÞ

@xxxxxxx

� �T
" #

where, pðzzzzzzzjxxxxxxxÞ is the likelihood function of the measure-

ments zzzzzzz parameterized by the states xxxxxxx. Since the noise in

the measurement model (1) is assumed to be independent

across all SOPs, the FIM can be written as the prior FIM

plus a summation of the information content associated

with each measurement, that is,

IðxxxxxxxÞ ¼ I0ðxxxxxxxÞ þ
XM
i¼1

1

s2
si

@hiðxxxxxxxÞ
@xxxxxxx

� �
@hiðxxxxxxxÞ
@xxxxxxx

� �T

¼ I0ðxxxxxxxÞ þ
XM
i¼1

IiðxxxxxxxÞ: (2)

The additive property of information from different

sources [41] will be utilized in the proposed transmitter

selection strategies. Denoting the (prior) information con-

tent associated with a subset of SOPs as I0ðxxxxxxxÞ and the

information associated with the ith SOP as IiðxxxxxxxÞ, the (pos-
terior) information content associated with updating the

SOP subset to include the ith SOP is defined as

Iposterior;iðxxxxxxxÞ ¼ I0ðxxxxxxxÞ þ IiðxxxxxxxÞ. Appendix B relates the FIM

to the horizontal dilution of precision (HDOP) metric,

commonly used in positioning and navigation.

Figure 2.
Problem description. An aerial vehicle is equipped with a receiver capable of extracting pseudorange measurements from terrestrial SOPs.

During flight, the aerial vehicle experiences GNSS outage. A nearby uplink station sends SOP map data to the aerial vehicle, which contains

the locations ofM terrestrial SOPs. The aerial vehicle’s selects the “best” (most informative)K < M to use to continue navigating.
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ESTIMATION FRAMEWORK

Generally, one needs to estimate the state vector xxxxxxx, which

includes the aerial vehicle’s position rrrrrrrr and velocity _r_r_r_r_r_r_rr as

well as relative clock error states fxxxxxxxclk;igMi¼1 between the

vehicle-mounted receiver and each SOP, namely

xxxxxxx , rrrrrrrTr ; _r_r_r_r_r_r_rTr ; DxDxDxDxDxDxDxT
clk;1; . . . ; DxDxDxDxDxDxDxT

clk;M

h iT
DxDxDxDxDxDxDxclk;i , c � ðdtr � dtsiÞ; c � ð_dtr � _dtsiÞ

� �T
:

Formulating the transmitter selection problem with xxxxxxx 2
R6þ2 M results in a large-scale optimization problem. To scale

down the problem, two simplifications are made. First, it is

noted that terrestrial SOPs suffer from poor geometric diversity

in the vertical direction (particular as seen by high-altitude air-

craft). Therefore, relying exclusively on SOPs for 3D naviga-

tion leads to a large vertical dilution of precision [42], [43].

Hence, it is assumed that the aerial vehicle is equipped with an

altimeter to determine its altitude. As such, in what follows, the

problem is formulated to only consider the 2D (planar) aerial

vehicle states. Second, only the position states of the aerial

vehicle will be considered, leading to the redefined state vector

xxxxxxx0 2 R2. It will be demonstrated in the “Effect of Timing on

the Optimal Transmitter Selection” section that this simplifica-

tion, which ignores the timing states, results in a negligible

increase in position uncertainty (on the order of submeter).

A static, weighted nonlinear least-squares (WNLS)

estimator is employed on the redefined state vector xxxxxxx0.
The resulting Jacobian matrixHr is given by

Hrrrrrrrr ¼

rrrrrrrTr�rrrrrrrTs1
krrrrrrrr�rrrrrrrs1 k2

..

.

rrrrrrrTr�rrrrrrrTsM
krrrrrrrr�rrrrrrrsM k2

2
6664

3
7775: (3)

TheWNLS estimation error covariancematrix is given by

Prrrrrrrr , P�1
0;rrrrrrrr

þHT
rrrrrrrr
R�1Hrrrrrrrr

h i�1
(4)

where, a prior of xxxxxxx0 may be given, denoted by x̂̂x̂x̂x̂x̂x̂x0, with an

associated initial estimation error covariance ðP0;rrrrrrrr ¼
I�1
0;rrrrrrrr

Þ and R ¼ diag½s2
s1
; . . . ; s2

sM
�.

OPTIMAL TRANSMITTER SELECTION PROBLEM

The optimal transmitter selection problem can be cast as

the optimization problem

minimize
w

J ðwwwwwwwÞ
subject to 1TMwwwwwww ¼ K

wi 2 f0; 1g; i ¼ 1; . . . ;M

where,J ðwwwwwwwÞ denotes a desired cost function [e.g., A-, D-, and
E-optimality criterion or dilution of precision (DOP) [44],

[45]], wi is a binary decision variable which determines

whether to accept or reject the ith measurement, wwwwwww ¼
½w1; . . . ; wM �T is a vector of the binary decision variables,

1M 2 RM is a vector of ones, andK is the selection subset’s

cardinality. This optimization problem is computationally

involved to solve in real time due to the integer constraints.

Instead of solving the abovementioned optimization problem,

two efficient transmitter selection strategies are proposed in

the next section.

TRANSMITTER SELECTION FRAMEWORK

The proposed transmitter selection framework selects the

most informative SOP subset to minimize the aerial vehicle’s

position error uncertainty. According to the simplification dis-

cussed in the “Estimation Framework” section, only the infor-

mation contribution from the ith SOP to the position states,

denoted Irrrrrrrr;i, is used to evaluate the cost function J ðwwwwwwwÞ.
Ergo, the cost function is defined as theA-optimality criterion:

trace of the posterior position estimation error covariance

(equivalently, trace of the inverse of FIM)

J wwwwwwwð Þ , tr I0;rrrrrrrr þH0T
rrrrrrrr
diagðwwwwwwwÞH0

rrrrrrrr

h i�1

¼ tr I0;rrrrrrrr þ
XM
i¼1

wiIrrrrrrrr;i

" #�1

(5)

where,H0
rrrrrrrr , ðR�1

a ÞTHr,Ra is the upper triangular Cholesky

factorized measurement covariance (i.e., R ¼ RT
aRa), and

I0;rrrrrrrr is the prior FIM corresponding to the receiver’s position

states (see Figure 3).

Algorithm 1 summarizes each of the proposed trans-

mitter selection strategy’s steps.

Algorithm 1. Transmitter Selection Strategies

Input: Prior FIM, FIM associated with each measurement,
map of all SOPs, and number of SOPs to be selected
Output: SOP selection subset and FIM for the selected SOPs
1: Define an empty set for SOP selection
2: Perform an exhaustive search to select the two SOPs
with the largest information content
3: Update the prior FIM and SOP selection subset
One-Shot Selection (OSS)
4: Compute the posterior FIM for all SOPs, excluding
those already selected
5: Choose the K � 2 SOPs which minimize the receiver’s
average position error uncertainty
6: Compute the FIM for the selected SOPs (i.e., prior FIMplus
all selected SOP’s FIM) and update the SOP selection subset
7:Return SOP selection subset and FIM for the selected SOPs
Opportunistic Greedy Selection (OGS)
forK � 2 iterations
8: Compute the posterior FIM for all SOPs, excluding
those already selected
9: Choose one SOP which minimizes the receiver’s aver-
age position error uncertainty
10: Redefine the prior FIM [i.e., (current) prior FIM plus
selected SOP’s FIM] and update the SOP selection subset
end for
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SELECTION STRATEGY ANALYSIS

This section will compare the selection subsets of the pro-

posed transmitter selection strategies and provide an upper

bound on the FIM for the selected range-onlymeasurements.

OSS VERSUS OGS SELECTION SUBSET COMPARISON

The OSS and OGS will yield identical selection if the infor-

mation content is scalar valued, that is, x 2 R is constrained

to one dimension. This can be readily shown as follows.

First, assume that the posterior FIM Iposterior;i ¼ I0;r þ Irrrrrrrr;i
are ordered from smallest to largest, such that J ðIwwwwwww1Þ �
J ðIwwwwwww2Þ � . . . � J ðIwwwwwwwK Þ � . . . � J ðIwwwwwwwM Þ, where wwwwwwwi is a

vector of zeros with a one at the ith element. Therefore, the

OSS will yield the optimal selection set S ¼ f1; 2; . . . ;Kg,
where the information content associated with the selected

transmitters is denoted as I ¼ d0 þ �1
s2s1

þ . . .þ �K
s2sK

. On the

other hand, the OGS recursively selects one transmitter (i.e.,

i ¼ 1; . . . ;M), which minimizes the cost function to yield

i� ¼ argmin
i

g0 þ
�3
s2
s3

þ �i
s2
si

" #�1

:

This selection process is performed at each iteration. By

virtue of the simplifying assumption, the minimum argu-

ment (resulting in the smallest cost function) is selected in

ascending order as i� ¼ 4; i� ¼ 5; . . . ; i� ¼ K since

J ðwwwwwwwi� Þ � J ðwwwwwwwiÞ; 8i n fSg. Therefore, the transmitter

selection subset will be S ¼ f1; 2; . . . ;Kg, where the

information content associated with the selected transmit-

ters is I ¼ d0 þ �1
s2s1

þ . . .þ �K
s2sK

, which is identical to the

OSS.

For the 2D case, that is, x 2 R2, the OSS and OGS

will yield different selections. To show this, one proceeds

similarly to the scalar case, noting that in the ith iteration

of the OGS

i� ¼ argmin
i =2 S

tr
g 0
11 þ

a2
i

s2si
g 0
12 þ aibi

s2si

g 0
12 þ aibi

s2si
g 0
22 þ

b2
i

s2si

2
64

3
75
�1

0
BB@

1
CCA:

This implies that the optimization problem’s solution is

heavily dependent on the cross terms associated with the

ith SOP’s posterior FIM. More specifically, each state’s

information content is coupled with one another. This

affects the 2� 2 FIM inverse via the determinant term

which incorporates the mutually shared information

shared (cross terms) between the position state estimates.

Therefore, J ðwwwwwwwi� ÞCJ ðwwwwwwwiÞ; 8i n fSg, yielding a different

selection subset than the OSS.

COMPUTATIONAL COMPLEXITY OF OSS VERSUS OGS

If one attempts to find the optimal selection strategy by

exhaustively searching, that is, M choose K algorithm:
M
K

� 	 ¼ M!
ðM�KÞ!K! , the computational complexity is expo-

nential, namely OðMKÞ for a large enough M, since
M
K

� 	 ¼ MK

K! ð1ð1� 1
MÞ � � � ð1� K�1

M ÞÞ where, K is assumed

fixed and 1ð1� 1
MÞ � � � ð1� K�1

M Þ ! 1 asM ! 1.

In contrast, the OGS computational complexity is

OðM2Þ þOðK � 2Þ � OðM2Þ, while the OSS computa-

tional complexity is OðM2Þ þOð1Þ � OðM2Þ, for a large
enough M, both of which are quadratic. These can be

derived by noting that the exhaustive search step’s com-

plexity is M
2

� 	 ¼ M2�M
2! , where 1

2! ðM2 �MÞ ! M2 as

Figure 3.
Receiver estimating its two position states (i.e., x̂xxxxxx0 2 R2) in an environment comprised ofM terrestrial SOPs.
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M ! 1. For OGS, the recursive search step’s computa-

tional complexity is defined as OðK � 2Þ because it

requires K � 2 iterations to complete. For OSS, the batch

selection step’s computational complexity is defined as

Oð1Þ because it only requires a single iteration to complete.

SIMULATION RESULTS

This section presents simulation results demonstrating the

efficacy of the proposed OGS and OSS strategies, which

are compared against the optimal selection, whose solu-

tion is obtained by exhaustive search M
K

� 	
.

OPTIMAL SELECTION, OSS, AND OGS STRATEGY

COMPARISON

The aerial vehicle is assumed to have initial access to

GNSS signals, leading to knowledge of its initial position

estimates r̂rrrrrrrð0Þ, after which the aerial vehicle looses

access to GNSS. During GNSS availability, the aerial

vehicle chooses the “best” K < M SOPs to use for navi-

gation once GNSS signals are cut off.

The cellular SOP network was modeled as a binomial

point process (BPP), where the horizontal positions of the

SOPs are independently and uniformly distributed over an

annular region centered at the aerial vehicle’s current posi-

tion O, that is, BOðdmin; dmaxÞ ¼ pðd2max � d2minÞ[46],
where dmax is the maximum distance for which ranging

signals can be detected by the receiver and dmin is the min-

imum distance required for the far-field assumption to

hold (see Figure 4). The location of the ith SOP with

respect to the aerial vehicle can be parameterized in terms

of the range Ri and bearing angle ui.

The simulation environment considered M ¼ 22 ter-

restrial SOPs, of which K 2 f6; 7; . . . ; 14g are to be

selected. For each K, 103 Monte Carlo (MC) realizations

were generated according to the simulation settings sum-

marized in Table 1. The randomized MC realizations were

the clock’s process noise, measurement noise, and SOPs’

locations. The three selection strategies (optimal, OSS,

and OGS) were performed for each realization.

Figure 5 compares the transmitter selection strategy per-

formance for each K. The medium-sized green, blue, and

red dots represent the cost function values for the optimal

selection �J ðw�w�w�w�w�w�w�Þ, OGS �J ðwwwwwwwOGSÞ, and OSS �J ðwwwwwwwOSSÞ,
respectively, averaged over all MC realizations. The tiny

green, blue, and red dots represent the cost function value

for eachMC realization. It can be seen that, on one hand, the

OGS yielded very close solution to the optimal value (the

medium green and red dots are nearly on top of each other).

The zoom, in the following, shows the difference between

both solutions [i.e., �J ðw�w�w�w�w�w�w�Þ � �J ðwwwwwwwOGSÞ]. On the other

Figure 4.
(a) BPP realization withM = 22 SOPs. (b) Parameterization of the ith SOP’s position.

Table 1.

Transmitter Selection Environment Simulation Settings

Parameter Value

M 22

K f6; 7; . . . ; 14g
rrrrrrrrð0Þ ½0; 0�T

P0;rrrrrrrr 102 � I2�2

r̂̂r̂r̂r̂r̂r̂rrð0Þ 	 N ½rrrrrrrrð0Þ; Prrrrrrr0;rrrrrrrr
�

fRi; uig fU½5; 80; 000�m, U½�p; p� rad g
rrrrrrrsi ½RicosðuiÞ; RisinðuiÞ�T

xxxxxxxclk;ið0Þ c � ½9; 0:9�T

fxxxxxxxsið0ÞgMi¼1 ½rrrrrrrTsið0Þ; xxxxxxxT
clk;ið0Þ�T

fP0;clk;sig
M
i¼1 diag½30� 103; 0:3� 103�

fx̂xxxxxxclk;sið0ÞgMi¼1 	 N ½xxxxxxxclk;ið0Þ; Px0;clk;si
�

fh0;r; h�2;rg f8:0� 10�20; 4:0� 10�23g
fh0;si ; h�2;sigMi¼1 f2:6� 10�22; 4:0� 10�26g
fs2

si
gMi¼1 10 m2

T 0.01 s
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hand, the OSS yielded solutions that were further than the

optimal solution.

Table 2 shows the average cost function values �J ðwwwwwwwÞ
over all MC realizations along with the corresponding


1s. Note that the average cost function values for the

OGS and optimal selection strategies are very close to each

other with a low standard deviation, whereas the OSS strat-

egy is prone to worse selection performance (i.e., larger

cost function value) with a higher standard deviation.

EFFECT OF TIMING ON THE OPTIMAL TRANSMITTER

SELECTION

A simulation was conducted to justify the simplification

invoked in the “Estimation Framework” section, whereby

only the aerial vehicle’s position states were considered,

while ignoring the timing states. To this end, 250 MC real-

izations were generated, for each of which, the optimal

transmitter selection strategy M
K

� 	
was performed to

minimize (5) with the FIM

Iðxxxxxxx0Þ ¼ I0;rrrrrrrr ðxxxxxxx0Þ þ
XM
i¼1

wi

s2
si

a2
i aibi

aibi b2
i


 �
:

Next, the FIM that considers the full state vector xxxxxxx (com-

prising position, velocity, and timing states) was used to find

the optimal selection, that is, minimize (5), but with the FIM

IðxxxxxxxÞ ¼ I0ðxxxxxxxÞ

þ

PM
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wia
2
i

s2si
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Figure 5.
Cost function point cloud with 103 MC realizations for optimal selection (green), OGS (red), and OSS (blue). The average cost function val-

ues over all MC realizations is shown as medium-sized dots, while the cost function value for each MC realization is represented as tiny

dots. The top boxed values represent �J ðw�w�w�w�w�w�w�Þ � �J ðwwwwwwwOSSÞ, while bottom boxed values (in the zoom in) represent �J ðw�w�w�w�w�w�w�Þ � �J ðwwwwwwwOGSÞ.

Table 2.

Average Cost Function Values for the Transmitter Selection Strategies withK ¼ 6� 14

K 6 7 8 9 10 11 12 13 14

�J ðwwwwwww�Þ
½
s��

6.45
½
0:001�

5.56
½
0:005�

4.88
½
0:006�

4.35
½
0:009�

3.92
½
0:01�

3.57
½
0:01�

3.28
½
0:01�

3.03
½
0:02�

2.82
½
0:02�

�J ðwwwwwwwOGSÞ
½
sOGS�

6.47
½
0:02�

5.62
½
0:02�

4.89
½
0:01�

4.38
½
0:01�

3.93
½
0:01�

3.59
½
0:02�

3.29
½
0:02�

3.04
½
0:02�

2.83
½
0:03�

�J ðwwwwwwwOSSÞ
½
sOSS�

10.08
½
0:76�

9.13
½
0:99�

8.19
½
1:13�

7.26
½
1:19�

6.37
½
1:16�

5.58
½
1:08�

4.87
½
0:96�

4.28
½
0:84�

3.77
½
0:70�
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Table 3 tabulates the reduction in position uncertainty

(averaged over all MC realizations for each K value)

upon including the timing error states in the FIM. It can

be noted that the reduction in position uncertainty is small

(on the order of submeter), which justifies the considered

simplification.

EXPERIMENTAL RESULTS

This section demonstrates the efficacy of the proposed

algorithms to select a “manageable” subset of terrestrial

SOPs to navigate an aircraft in a real-world environment.

HARDWARE AND SOFTWARE SETUP

The SNIFFER flight campaign took place on a Beechcraft

C12 Huron (called Ms. Mabel), a fixed-wing U.S. Air

Force aircraft, flown by members of the USAF Test Pilot

School (TPS) over two different regions as follows. i) A

rural region located in Edwards, California, USA. ii) A

semiurban region located in Palmdale, California, USA.

The C-12 aircraft was equipped with a quad-channel

universal software radio peripheral (USRP)-2955, three

consumer-grade 800/1900 MHz Laird cellular antennas,

GPS antenna, a solid-state drive for data storage, PCIe

cable, and a laptop computer running ASPIN Laboratory’s

software-defined radio (SDR), called MATRIX: Multi-

channel Adaptive TRansceiver Information eXtractor, for

real-time monitoring of the cellular signals [27]. The

MATRIX SDR produced the navigation observables:

Doppler frequency, carrier phase, and pseudorange, along

with the corresponding carrier-to-noise ratio (C=N0). The

experimental hardware setup is shown in Figure 6.

TRANSMITTER SELECTION AND NAVIGATION FILTER

The OGS and OSS selection strategies were performed in

each of the two regions. To demonstrate the efficacy of

the selected transmitters for aircraft navigation, the pseu-

dorange measurements from the selected transmitters are

fused with altimeter measurements via an extended Kal-

man filter (EKF), as described in [27]. The navigation

solution was computed over a flight segment during which

the selection strategies remained valid.

The EKF’s initial state vector was set as

x̂̂x̂x̂x̂x̂x̂xð0Þ ¼ ½r̂rrrrrrrð0ÞT; _̂rrrrrrrrð0ÞT; c d̂t1ð0Þ; c _̂dt1ð0Þ; . . . ; cd̂tKð0Þ;
c _̂dtKð0Þ�T with a corresponding initial estimation error

Table 3.

Reduction in Average Position Uncertainty Due to Optimizing the FIM IðxxxxxxxÞ instead of Iðxxxxxxx0Þ
K 6 7 8 9 10 11 12 13 14

Uncertainty reduction [m2] 0.2630 0.2593 0.2643 0.2568 0.2862 0.2183 0.2781 0.2178 0.2475

Figure 6.
Hardware setup equipped to the C-12 aircraft.
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covariance Pð0Þ ¼ diag½102 � I3�3; 10 � I3�3; 108; 10;

. . . ; 108; 10�. The clock error states of each SOP was ini-

tialized using the pseudorange measurements from the ini-

tial two time epochs. Specifically, the clock bias was

initialized as cd̂tið0Þ ¼ zsið0Þ � krrrrrrrrð0Þ � rrrrrrrsik2 and

the clock drift was initialized as c _̂dtið0Þ
¼ 1

T ½zsið1Þ � zsi ð0Þ � krrrrrrrrð1Þ � rrrrrrrsik2 þ krrrrrrrrð0Þ � rrrrrrrsik2�.
The aircraft’s dynamics was assumed to evolve

according to the simple, yet effective, velocity random

walk model [47], with power spectra of the continuous-

time acceleration noise in the East (E), North (N), and Up

(U) directions set as ~qE ¼ ~qN ¼ 5 m2/s3 and ~qU ¼ 10�3

m2/s3, respectively.

The receiver’s clock covarianceQclk;r was set to corre-

spond to a low-quality temperature-compensated crystal

oscillator (TCXO) with h0;r ¼ 2:0� 10�19 s and h�2;r ¼
2:0� 10�20 s�1. The SOPs’ clock covariance Qclk;si

was

set to correspond to a typical-quality oven-controlled crys-

tal oscillator with h0;si ¼ 8:0� 10�20 s and h�2;si ¼

4:0� 10�23 s�1. The time-varying measurement covari-

ance R was proportional to the inverse of C=N0 and the

sampling time was T ¼ 0:01 s.

FLIGHT REGION 1: RURAL

The rural region was comprised of M ¼ 57 terrestrial cel-

lular SOPs, where the aircraft was tasked with selecting the

most “informative”K ¼ 15 SOPs to use for navigation.

Figure 7 shows: i) selected SOPs from OGS (red pins),

ii) selected SOPs from OSS (yellow pins), iii) selected

SOPs from both OSS and OGS strategies (orange pins),

and iv) and nonselected SOPs (white pins). Table 6 com-

pares the snapshot performance (A-, D-, and E-optimality

and HDOP metrics) of the OGS versus OSS selection.

Upon selecting the SOPs, the aircraft navigated along

the green trajectory in Figure 7 for 1.48 km. It should be

noted the optimal solution (i.e., global minimizer) for

Figure 7.
Rural region transmitter selection results with OGS and OSS strategies during the aircraft’s flight. (Map data: Google Earth.)

Table 4.

Experiment 1: Navigation Solution Performance in the Rural Region

Selection Type Pos. RMSE
[m]

Vel. RMSE
[m/s]

Max pos. error
[m]

Max vel. error
[m/s]

Run time
[ms]

105 MC Runs [4.53, 71.55] [0.98, 7.61] [10.50, 125.06] [5.90, 11.46] –

OGS 6.28 1.44 10.50 6.38 19.30

OSS 7.13 1.39 10.50 6.38 16.50
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terrestrial SOP selection is infeasible to compute using the
M
K

� 	
selection strategy due to its formidable run time. In

light of this, 105 MC runs were performed in an attempt to

capture a range of best-to-worst selections. Table 4 sum-

marizes the navigation performance when using the trans-

mitters selected by the OGS, OSS, and MC realizations. It

is worth noting that the OGS returned relatively compara-

ble performance to the best-case MC realization. It is also

worth noting the worst-case MC realization yielding much

larger error than the best-case realization (i.e., the variance

is rather large), which further motivates the importance of

transmitter selection.

FLIGHT REGION 2: SEMIURBAN

The semiurban region was comprised of M ¼ 18 terres-

trial cellular SOPs, where the aircraft was tasked with

selecting the most “informative” K ¼ 9 SOPs to use for

navigation.

The number of SOPs in this region was small enough to

compute the optimal solution via the M
K

� 	
selection strategy to

determine the global minimizer. Figure 8 shows: i) selected

SOPs from M
K

� 	
(green pins), ii) selected SOPs from OGS

(violet pins), iii) selected SOPs from OSS (yellow pins), iii)

selected SOPs from both OSS and OGS strategies (orange

pins), iv) selected SOPs from optimal, OSS, and OGS (blue

pins), and v) nonselected SOPs (white pins). Table 7 compares

the snapshot performance (A-, D-, and E-optimality and

HDOPmetrics) of the optimal versus OGS andOSS.

Upon selecting the SOPs, the aircraft navigated along

the green trajectory in Figure 8 for 1.22 km. Table 5 sum-

marizes the navigation performance when using the trans-

mitters selected by the optimal, OGS, and OSS. Note that

the navigation performance with the OGS strategy is close

Figure 8.
Semiurban region transmitter selection results with optimal selection, OGS, and OSS strategies during the aircraft’s flight. (Map data: Google

Earth.)

Table 5.

Experiment 2: Navigation Solution Performance in the Semiurban Region

Selection type Pos. RMSE
[m]

Vel. RMSE
[m/s]

Max pos.
error [m]

Max vel. error
[m/s]

Run time
[ms]

Optimal Selection 5.84 1.45 10.80 5.90 700.30

OGS 6.08 1.42 10.80 5.90 5.30

OSS 6.70 1.35 10.80 5.90 3.90
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to that of the optimal selection, whereas the OSS strategy

performed slightly worse. This further motivates using the

computationally efficient OGS selection strategy instead

of the computationally expensive optimal selection strat-

egy, over this valid selection region.

CONCLUSION

This article proposed computationally efficient transmitter

selection strategies to select the most informative terrestrial

SOPs to use when navigating an aerial vehicle. The strate-

gies exploited the additive, iterative properties of the FIM to

minimize the vehicle’s average position error variance. Sim-

ulation results showed theOGS performance to be very close

to the optimal selection, while executing in a fraction of the

optimal selection’s time. Experimental results in a real-

world environment were presented showing the efficacy of

the OGS and OSS strategies in navigating a U.S. Air Force

high-altitude aircraft with terrestrial cellular SOPs. The

achieved position RMSE with the optimal, OGS, and OSS

solutions were 4.53, 6.28, and 7.13 m in the rural region; and

5.83, 6.08, and 6.70 m in the semiurban region for an aircraft

traversing a trajectory of 1.48 and 1.22 km, respectively.

APPENDIX A

CLOCK ERROR DYNAMICS

The aerial vehicle-mounted receiver’s and SOP’s clock

error states are assumed to evolve according to

xxxxxxxclk kþ 1ð Þ ¼ Fclk xxxxxxxclkðkÞ þ wwwwwwwclkðkÞ (6)

xxxxxxxclk , cdt; c_dt
� �T

; Fclk ¼ 1 T
0 1


 �

where, dt is the clock bias, _dt is the clock drift, c is the

speed of light, T is the constant sampling interval, and

wwwwwwwclk is the process noise, which is modeled as a discrete-

time white noise sequence with covariance

Qclk ¼ c2 � S ~wdt
T þ S ~w_dt

T 3

3 S ~w_dt

T2

2

S~w_dt

T2

2 S ~w_dt
T

" #
: (7)

The terms S ~wdt
and S ~w_dt

are the clock bias and drift

process noise power spectral densities, respectively, which

can be related to the power-law coefficients, fhaig2ai¼�2,

which have been shown through laboratory experiments

to characterize the power spectral density (PSD) of the

fractional frequency deviation of an oscillator from nomi-

nal frequency according to S ~wdt
� h0

2 and S ~w_dt
� 2p2h�2.

The receiver’s and SOPs’ process noise covariances

Qclk;r and fQclk;si
gMi¼1 are calculated from (7) using the

PSDs associated with the receiver’s and SOPs’ oscillator

quality, respectively.

APPENDIX B

RELATIONSHIP BETWEEN WEIGHTED HDOP AND INFORMATION
CONTENT

DOP states how errors in the measurement will affect

errors in the final estimates of the unknown quantities.

The weighted HDOP matrix for the measurement vector

zzzzzzz0 , ½z0s1 ; . . . ; z0sM �T with an associated Jacobian matrix

Table 6.

Experiment 1: Snapshot Performance Metrics in Rural Region After Transmitter Selection

Selection type tr[Prrrrrrrr ] log½detðPrrrrrrrrÞ� �max½Prr � HDOP

OGS 200.99 9.20 100.00 0.54

OSS 200.99 9.20 100.00 0.54

Table 7.

Experiment 2: Snapshot Performance Metrics in Semiurban Region After Transmitter Selection

Selection type tr[Prrrrrrrr ] log½detðPrrrrrrrr Þ� �max½Prr � HDOP

Optimal selection 200.99 9.20 100.00 0.74

OGS 200.99 9.20 100.00 0.88

OSS 200.99 9.20 100.00 0.94
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H defined in (3) and measurement covariance R ¼
diag½s2

s1
; . . . ; s02

sM
�, is defined as Dw , ½HTR�1H��1,

which has the form

Dw ¼
s2
x s2

xy

s2
xy s2

y

" #
: (8)

The weighted HDOP is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðDwÞ

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
x þ s2

y

q
[48].

The weighted HDOP matrix can be related to informa-

tion content by the inverse of the estimation error covari-

ance matrix as

D�1
w ¼

XK
j¼1

1

s2
sj

ðxr�xsj Þ2
ðxr�xsj Þ2þðyr�ysj Þ2

ðxr�xsj Þðyr�ysj Þ
ðxr�xsj Þ2þðyr�ysj Þ2

ðxr�xsj Þðyr�ysj Þ
ðxr�xsj Þ2þðyr�ysj Þ2

ðyr�ysj Þ2
ðxr�xsj Þ2þðyr�ysj Þ2

2
664

3
775

¼
XK
j¼1

1

s2
sj

a2
j ajbj

ajbj b2j

" #

where, aj and bj are variables which define the position

unit vectors (i.e., ½aj; bj�T ¼ rrrrrrrr�rrrrrrrsj
krrrrrrrr�rrrrrrrsj k2).

In addition, the weighted HDOP matrix can be related

to the information content in a closed form, defined by

Dw ¼ L
XK
j¼1

1

s2
sj

b2
j �ajbj

�ajbj a2
j

" #
(9)

where

L ¼
XK
j¼1

a2
j

s2
sj

( ) XK
j¼1

b2
j

s2
sj

( )
�

XK
j¼1

ajbj

s2
sj

( )2
2
4

3
5�1

is a constant value, corresponding to the information con-

tent of the position states, which is found in all HDOP

terms. Finally, the HDOP constant can be defined as

HDOP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

XK
j¼1

1

s2
sj

b2
j þ a2

j

 �( )vuut : (10)
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