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Abstract— This paper presents a novel approach for esti-
mating out-of-surveillance mobile ground target states. The
proposed algorithm introduces the concepts of hospitability
and synthetic inclination maps and embeds them into a
nonlinear Bayesian estimation filter, which in turn produces
optimal target state estimates for a given out-of-surveillance
mobile ground target of interest. The optimality criterion
here is defined in the minimum mean square error sense.
Loosely speaking, the hospitability map can be viewed as a
terrain-based map defining a likelihood or a “weight” for each
point on the earth’s surface proportional to the ability of the
target to move and maneuver at that location. On the other
hand, the synthetic inclination map describes how the target
favors certain regions within the search area, hence being
“synthetically” inclined to move towards them.

I. INTRODUCTION

In this work, the following problem is studied: in a
given search area, an aerial uninhibited autonomous vehicle
(UAV) detects a mobile target using its own sensor(s).
While the target is being detected, the UAV makes sev-
eral observations on the target. The proposed estimation
algorithm employs the knowledge gained from the first
set of observations taken by the UAV and the concepts
of hospitability maps (HMaps) and synthetic inclination
maps (SIMaps) embedded into an nonlinear Bayesian es-
timation filter to estimate target states when it goes out-of-
surveillance. Loosely speaking, the HMap can be viewed as
a terrain-based map defining a likelihood or a “weight” for
each point on the earth’s surface proportional to the ability
of the target to move and maneuver at that location. In
contrast, the SIMap describes how the target favors certain
regions within the search area, hence being “synthetically”
inclined to move towards them [1].

The rest of this paper is organized as follows. Section
II presents an optimal nonlinear Bayesian estimation filter
design. Section III introduces the concepts of HMaps and
SIMaps. Section IV defines a combined HMap and SIMap
cost function and couples it with the optimal nonlinear
Bayesian filter derived in Section II. Section V presents
some simulations and results. Concluding remarks and
future work are discussed in Section VI.
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II. OPTIMAL NONLINEAR BAYESIAN ESTIMATION

FILTER DESIGN

The target dynamics will be modeled by the Itô stochastic
differential equation, given by

dx(t) = F[x(t), t]dt + G[x(t), t]dβ(t), t ∈ [t0, T ], (1)

wherex(t)1 ∈ Rn is the target state vector,F[x(t), t]2 ∈
Rn, G[x(t), t] ∈ Rn×r, and {β(t), t ≥ t0} ∈ Rr is
a vector of independent Brownian motion processes with
E{dβ(t)dβT(t)} = Q(t)dt. It is worth noting that (1) is
formally equivalent to the Langevin equation

ẋ(t) = F[x(t), t] + G[x(t), t]η(t), (2)

wherex(t), F[x(t), t], andG[x(t), t] are defined as before,
andη(t) ∈ Rr is a zero-mean white Gaussian noise process
with an autocorrelation functionQ(t)δ(t−τ), whereQ(t) ∈
Rr×r is the covariance matrix of the noise process, andδ(t)
is the Dirac delta function.

The UAV makes observations on this target that are taken
at discrete-time instantstk according to

ztk
= H[xtk

, tk] + vtk
, k = 0, 1, 2, . . . , (3)

where ztk
∈ Rm is the observation vector,H[xtk

, tk] ∈
Rm, andvtk

is a zero-mean white Gaussian noise process
with covariance matrixRtk

∈ Rm×m > 0.
It will be assumed that the initial probability density

function (pdf) of the SDS defined in (1) is known and that
it is once continuously differentiable with respect to time,
t, and twice continuously differentiable with respect to the
state variable,x(t). In addition, it will be assumed that the
linear/nonliear functionH[xtk

, tk] in (3) is continuous in
both arguments and bounded for eachtk with probability
1. Moreover, the initial statex(t0), the system noiseη(t),
and the measurement noisevtk

are assumed to be all
independent. Finally, it will be assumed that (1) has a
solution on[t0, T ] in the mean square sense [2].

Given this SDS definition with the stated assumptions,
it can be shown that between observations, the conditional
pdf p [x(t), t|Ztk

] 3 satisfies the Fokker-Planck-Kolmogorov
Equation (FPKE) [2], that is described by thediffusion
process given by the partial differential equation

1x(t) = [x1(t), x2(t), . . . , xn(t)]T
2F[x(t), t] = [f1[x(t), t], f2[x(t), t], . . . , fn[x(t), t]]T

3Ztk , {ztk ,Ztk−1}



∂
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j=1

∂

∂xi∂xj
{p(GQGT)ij}, (4)

where the following short-hand notation has been used in
(4): p = p

[
x(t), t|Ztk−1

]
, fi = fi[x(t), t], G = G[x(t), t],

andQ = Q(t).
Whenever a new observation,ztk

, at time tk becomes
available, the conditional pdfp

[
x(t), t|Ztk−1

]
needs to

be updated to the new pdfp [x(t), t|Ztk
]. This can be

accomplished by applying Bayes’ rule, given as

p [x(t), t|Ztk
] =

p
[
x(t), t|Ztk−1

]
p [ztk

|x(t)]∫
p

[
x(t), t|Ztk−1

]
p [ztk

|x(t)] dx(t)
(5)

where the termp [ztk
|x(t)] in (5) can be evaluated from

p [ztk
|x(t)] =

1

(2π)
m
2 |Rtk

| 12
e−

1
2 [ztk

−H]TR−1
tk

[ztk
−H], (6)

whereH = H[xtk
, tk]. Essentially, (4) and (5) constitute

the predictor and corrector equations, respectively, of the
nonlinear Bayesian estimation filter. The mean of the con-
ditional pdf in (5) with respect to the state variable yields
the optimal minimum mean square error (MMSE) estimates,
i.e.

x̂(t) =
∫ ∞

−∞
x(t)p [x(t), t|Ztk

] dx(t). (7)

The nonlinear Bayesian estimation filter just defined
generally possesses two undesirable characteristics: infinite-
dimensionality and difficulty to achieve a closed-form ana-
lytical solution for higher-dimensional complicated FPKE’s.
These two issues are dealt with separately next.

A. Adaptive state variable domain truncation

Optimal nonlinear filters are generally said to be infinite-
dimensional filters. This implies that some form of state
variable domain truncation would be necessary, when nu-
merical techniques are employed. The most common ap-
proach for domain truncation adopted in literature is to
set the domain limits very wide in order to ensure that
the significant mass of the pdf would lie within these
preset limits at all time [3]. However, in most practical
applications this would burden the filter with exhaustive
computations that would contribute too little to the overall
mass of the pdf. To overcome the computational burden
without sacrificing the estimation accuracy, adaptive state
variable domain truncation algorithm has been proposed [1],
[4], [5].

The algorithm of adaptive state variable domain trunca-
tion basically incorporates the Chebyshev Inequality Theo-
rem along with the moment evolution theorem to “optimally

adjust and truncate” the state variable domain limits, and
hence the pdf size. This adjustment and truncation ensures
that the significant mass of the pdf would lie within these
limits at every time step, while not degrading the accuracy
of the estimates.

The Chebyshev Inequality Theorem [6], also known as
the Chebyshev Bound (C.B.), states that given an arbitrary
random variablex, with meanE {x}, and finite variance
σ2

x; then, for anyλ > 0

P {|x− E {x} | ≥ λσx} ≤ 1
λ2

⇒ P {|x− E {x} | < λσx} ≥ 1− 1
λ2

. (8)

Equation (8) may be viewed as the probability of a
realization of the random variablex to lie within the interval
(E {x} − λσx, E {x}+ λσx) to be bounded by1− 1

λ2 .
The Union Bound states that givenn-events

{E1, E2, . . . , En} (not necessarily disjoint), the probability
of the union of these events is less than or equal to the
summation of the events’ individual probabilities [6], i.e.

P

{
n⋃

i=1

Ei

}
≤

n∑

i=1

P {Ei} . (9)

Using the Union Bound, the C.B. can be generalized
to the case ofn-random variables[x1, x2, . . . , xn], with
respective means[E {x1} , E {x2} , . . . , E {xn}] and re-
spective variances

[
σ2

x1
, σ2

x2
, . . . , σ2

xn

]
as

P

{
n⋃

i=1

[|xi − E {xi} | < λiσxi ]

}
≥ 1− ε, (10)

whereε is the design parameter to be selected, given by

ε =
n∑

i=1

1
λ2

i

. (11)

There are two approaches for solving forε, one is
based on other Chebyshev-type inequalities, and the other is
based on use of weighted values ofλ’s [7]. The approach
employed in the simulations presented in this paper is to
selectλ1 = λ2 = . . . ≡ λ, which is rationalized by the
fact that theσ-limits of all the state variables are of equal
importance, and thus no preferred weighting is given to one
state variable on the expense of the other.

In order to adaptively find the optimal state variable do-
main limits, the present and future domain limits need to be
calculated. The union of these limits yields the optimal state
variable domain for the complete time pdf evolution. Since
at a given time step the current pdf is available, finding the
first and second moments is straightforward. However, at a
given time step, the future evolving pdf is unknown; hence,
the future first and second moments cannot be computed as
directly. Nevertheless, future first and second moments may



still be optimally predicted through the moment evolution
theorem.

The moment evolution theorem states that given a SDS
characterized by (1) and observations made on this system
according to (3), and under some boundedness, Lipschitzan-
ity, and independence hypotheses and assumptions [2], then
between observations, the conditional mean vector and
covariance matrix of the pdfp [x(t), t|Ztk

] satisfy

1) Mean evolution:

d

dt
E {x(t)} = E {F[x(t), t]} . (12)

2) Covariance evolution:

d

dt
P (t) =

[
E

{
xFT

}− E {x}ET {F}]

+
[
E

{
FxT

}− E {F}ET {x}]

+
[
E

{
GQGT

}]
, (13)

where the following short-hand notation has been used in
(13): x = x(t), F = F[x(t), t], G = G[x(t), t], and
Q = Q(t). Actually, it was shown in [1] that in certain
cases we need not evolve the entire covariance matrix, since
computing only the diagonal terms of the matrix would
suffice. This reduces the number of computations from
n + n2 to 2n.

B. Numerical solutions to the FPKE

Generally, it is extremely difficult to obtain a closed-form
analytical solution to the FPKE [8]. Two of the commonly
used methods to solve the FPKE numerically are finite
element methods and finite difference methods. In this
paper, finite difference method will be presented.

In the finite difference method, the time and state variable
domains are discretized and defined over a finite number
of equally-spaced grid points. Consequently, the partial
derivatives are evaluated at each of the grid points/cells,
which are represented as(xj , ti) = (j∆x, i∆t), 1 ≤ j ≤
k + 1, and i ≥ 0; wherek ∈ N, ∆x is the discretization
step in the state variable domain, and∆t is the discretization
step in time. The following finite difference approximations
can be used to approximate the solution of the FPKE in (4)

∂f (x, t)
∂t

|t=ti =
A

∆t
(14)

∂f (x, t)
∂x

|t=ti−1 =
B

2∆x
(15)

∂2f (x, t)
∂x2

|t=ti−1 =
C

(2∆x)2
, (16)

where

A = f (x, ti)− f (x, ti−1)
B = f (xj+1, ti−1)− f (xj−1, ti−1)
C = f (xj+1, ti−1)− 2f (xj , ti−1) + f (xj−1, ti−1) .

The stability condition for the explicit finite difference
method states that the grid spacings in the time domain and
the state variable domain must satisfy the inequality

0 < ∆t

n∑

i=1

1
(∆xi)

2 ≤
1
2
, (17)

where∆xi is the grid spacing of theith−state variable.

III. T HE HOSPITABILITY MAP (HMAP) AND THE

SYNTHETIC INCLINATION MAP (SIMAP)

The earth’s surface is rarelyflat andunvaryingin a given
search area of large enough dimensions. Hence, it is quite
logical to assume that the different terrain a search area may
exhibit should influence where and how the target moves
at a specific locale. This motivates introducing the concept
of the HMap to constrain the search area into regions of
higher/lower hospitability for a given class of targets. In
[9], Layne et. al. defined the HMap as a map providing a
likelihood or a “weight” for each point on the earth’s surface
proportional to the ability of a target to move and maneuver
at that location. The following factors are considered while
deriving the hospitability value: slope, surface roughness,
transportation, geology, landform, soil, vegetation, hydrol-
ogy, urban areas, and climate. Additionally, the HMap is a
function of the nature of the target itself, i.e. there exists
different models for deriving the HMap for different classes
of targets (eg. cars, tanks, amphibious vehicles, etc.) [10].
A generic HMap is illustrated in Fig. 1, where the HMap
values has been normalized to lie in the interval[0, 1], with
1 being the highest hospitability index.
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Fig. 1. A Generic HMap

We now introduce the concept of the SIMap, which
is a function of the velocity components, and hence the
heading of the target. Specifically, the SIMap is a two-
dimensional (2-D) velocity map in(ẋ, ẏ) defined for each
2-D point (x, y) describing that given the target is located
at a particular point(x0, y0) how would the target be
synthetically inclinedto move in different directions with
certain velocity components. Therefore, whence the HMap



is a function of the nature of the target and the topography
of the search area, the SIMap is a function of the nature of
the target as well as how the target “favors” different zones
within the search area.

Fig. 2 shows a simple way of looking at SIMaps. In
a given search areaS, we assume that we are given a
priori estimates about the target initial position, denoted
by (x0, y0). Additionally, we will assume that withinS,
there is a zoneΩ where the target is interested to head
towardsas fast as possible. Hence, we say that the target
is synthetically inclinedto move towardsΩ. Consequently,
we may define a weighting function that assigns a “weight”
for each of the velocity component combinations the target
may have.

Fig. 2. SIMap Illustration

The construction of SIMaps depends on several factors.
The nature of the target itself is one important factor in
determining the velocity components domain the target may
have. For instance, if the target under consideration is a tank
with a maximum speedsmax, then we can safely assign
the SIMap domain to take positive and negative values
of (ẋ, ẏ) satisfying the inequality

√
(ẋ)2 + (ẏ)2 ≤ smax.

Another consideration affecting the construction of SIMaps
is to subdivide the search area into different zones, such
as zones where the target would like to reach as fast as
possible, zones where the target would like to escape from
as fast as possible, zones where the target would like to
stay stationary at (eg. hiding regions), and zones where the
target would have differenṫx and ẏ velocity components
(eg. roads and railroads) [1].

IV. COUPLING THE NONLINEAR ESTIMATION FILTER

WITH THE HMAP AND SIMAP

This section will integrate the concepts that have been
developed in Sections II and III. First, we will combine the
HMap and the SIMap into one 4-D map in(x, y, ẋ, ẏ). The
combined HMap-SIMap may be understood by fixing the
2-D (x, y) coordinates at a particular point(x0, y0) and
varying the velocity components(ẋ, ẏ) over the domain
they may take. To illustrate this concept, let’s assume that
the velocity components are restricted to the discrete values
[−3,−2,−1, 0, +1, +2,+3]. Consequently, each fixed point
in the 2-D HMap layer will be associated with a 2-D SIMap
layer as demonstrated in Fig. 3. Note that the origin of the

SIMap in Figure 3 is the fixed point(x0, y0). Note also
that there are72 different velocity components combinations
the target may have, each represented by a vector with
corresponding magnitude and direction.

Fig. 3. Relationship between the HMap and SIMap Layers

Next, we will couple the combined 4-D HMap-SIMap
with the nonlinear Bayesian estimation filter that was de-
rived in Section II. The problem statement can be reiterated
as follows. We want to estimate the target state vector,
defined as the target Cartesianx− and y−position and
velocity x (t) = [x (t) , y (t) , ẋ (t) , ẏ (t)]T, for mobile out-
of-surveillance ground targets. Now, whenever a UAV de-
tects a mobile target via its onboard sensors, the nonlinear
Bayesian estimation filter should take over and produce
optimal target state estimates. However, once the target
goes out-of-surveillance, the filter cannot update the pdf
anymore, and we will define the following update equation

p+(t = i,x) =
1
a
p−(t = i,x).c−1(x), (18)

where p+(t = i,x) is the updated pdf at timet = i,
p−(t = i,x) is the un-updated pdf at timet = i, a is
a normalizing constant, andc(x) is the combined HMap-
SIMap cost function. The cost functionc(x) is essentially
a 4-D array, defined for all 4-D pointsx0, where x0 is
the state vectorx evaluated at a particular 4-D pointx0.
In particular, x0 = [x0, y0, ẋ0, ẏ0]T, ∀ (x0, y0) ∈ S and
∀ (ẋ0, ẏ0) ∈ [−vmax,+vmax], with S being the search area
under consideration andvmax being the maximumx− or
y−velocity component the target may have.

The inverse of the cost functionc(x) will be defined
as a linear combination of the hospitability weight and the
negative exponential of the Euclidean norm between a given
pointx′0 = (x0+ẋ0, y0+ẏ0) and a boundary condition (final
point) xf = (xf , yf ). In particular,c(x) will be defined as

c−1 (x0) = α H (x0, y0) + β e−δ (19)

δ = ||xf − x′0|| (20)

=
√

[xf − (x0 + ẋ0)]
2 + [yf − (y0 + ẏ0)]

2
,

whereα and β are weighting scalars,x0 is the 4-D point
defined previously,H(x0, y0) is the hospitability weight at
x0, and δ = ||xf − x′0|| is the Euclidean norm between
the final pointxf and the point the target would reach if
it moves from(x0, y0) with velocity components(ẋ0, ẏ0).



Note that the weighting scalarsα and β can be selected
according to the respective weighting we want to associate
the hospitability term with versus the inclination term.

Fig. 4 summarizes the algorithm for estimating the states
of an out-of-surveillance mobile target. Note the optimiza-
tion block, which essentially implements the adaptive state
variable domain truncation to reduce the computational
burden to the “minimum”. Note also that the filter switches
between two modes. If the target is being detected by
the UAV, then the filter would update the pdf through the
new observations made on the target, whereas if the target
is out-of-surveillance then the filter would update the pdf
through the HMap-SIMap updating algorithm presented in
this section.

Fig. 4. Filter Block Diagram

V. SIMULATIONS AND RESULTS

This section summarizes some of the results achieved
upon running simulations to demonstrate the ideas presented
in this work. The target was considered to be moving in
a linear trajectory on the 2-Dxy-plane according to the
linear motion model with nearly constant velocity, where
the acceleration is modeled as a stationary white Gaussian
noise. The target states were defined to be the Cartesianx−
andy−position and velocity. Therefore, the corresponding
vectors and matrices defined in (1) simplify to

x(t) =




x(t)
y(t)
ẋ(t)
ẏ(t)


 , F[x(t), t] =




ẋ(t)
ẏ(t)
0
0




G[x(t), t] =




0 0
0 0
1 0
0 1


 , Q(t) =

[
q2 0
0 q2

]
.

The UAV may detect the target if the target falls within
a predefined rectangular footprint of the UAV sensors and
provide measurements of the ranger and the bearing angle
φ, both corrupted by additive white Gaussian noise. Hence,
given that the UAV is located at(xu, yu, zu) and the target is
located at(xt, yt, 0), the corresponding vectors and matrices
defined in (3) simplify to

ztk
=

[
rtk

φtk

]
, Rtk

=
[

σ2
r 0
0 σ2

φ

]
,

H[x(t), t] =

[ √
(xu − xt)2 + (yu − yt)2 + z2

u

tan−1
[

yu−yt

xu−xt

]
]

.

Two scenarios have been simulated on the filter derived
in this paper. The first scenario assumed that the mobile
target is falling within the footprint of the UAV sensors.
Hence, the UAV was capable of producing observations on
the target (switchCS in Fig. 4 being closed). These noisy
observations were filtered through the estimation filter and
the mean square estimation error (MSEE) for both thex−
and y− position of the target are plotted in Fig. 5 and
Fig. 6, respectively. In order to demonstrate the accuracy
of the state estimates of the optimal nonlinear stochastic
Bayesian filter derived, an Extended Kalman Filter (EKF)
for the same particular problem was derived and simulated
with the same set of noisy measurements. Thex− and
y−position MSEE of the EKF estimates are superimposed
on the plots of Figures 5 and 6, respectively. The superiority
of the nonlinear Bayesian filter estimates versus their EKF
counterparts can be easily noted.
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Fig. 5. MSEE in thex-position

The second scenario assumed that the target would go
out-of-surveillance after it has been initially detected by the
UAV sensors. Hence, the switchCS in Fig. 4 opens and
the pdf is now being updated through the HMap-SIMap
updating algorithm. The HMap employed for these set of
simulations was the one shown in Fig. 1. The location at
which the target was last detected by the UAV sensors was
at (15, 15) and we assumed that the target was interested
to head towards the boundary point(40, 40). Two cases
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have been studied. The first case propagated the pdf in the
proposed filter for 40 iterations, but the cost function con-
sisted of the HMap term alone. The second case propagated
the same pdf in the proposed filter for 40 iterations, but the
cost function consisted of both the HMap and SIMap terms.
Fig. 7 and Fig. 8 illustrate the resulting pdf’s. It can be seen
clearly that the the pdf resulting from the incorporation of
the HMap term alone yielded a pdf that is splitting at the
junction of the two roads, since they are both less costly (as
hospitable) for the pdf to propagate through. However, when
incorporating the HMap term along with the SIMap term,
the pdf did not split into the two junctions, since the SIMap
term wasredirectingthe pdf to move towards the boundary
point rather than merely following the hospitable cells in
the search area. Hence, we conclude that the incorporation
of the SIMap term along with the HMap term in the cost
function would yield more robust estimates whenever a
junction of road segments and/or a junction of relatively
equally hospitable regions are present in the search area.
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VI. CONCLUSIONS AND FUTURE WORKS

This paper has presented a novel approach for estimating
the states of an out-of-surveillance mobile target. Essen-
tially, this work has extended the filter proposed by Layne
et. al. in [9] into a more robust filter by introducing the

Fig. 8. Pdf Propagation of Target Position with HMap & SIMap Terms

concept of SIMaps. In addition, an optimization algorithm
has been derived in order to reduce the computational load
burden of the nonlinear Bayesian filter to the “minimum”,
while not degrading the estimation accuracy. Further re-
search is suggested in the area of constructing SIMaps. In
particular, further research would be necessary to construct
SIMaps such that the boundary point is extended to a
boundary surface. In addition, further research is necessary
to construct and simulate SIMaps for the case where several
regions are present within the search area. Finally, the
authors believe that the concept of limited-memory filters,
which are usually adopted whenever the SDS dynamics are
not precisely known would be useful to implement within
the nonlinear Bayesian estimation filter derived in this work,
if the target dynamics are not precisely defined.
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