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Optimal Sensor Placement for Dilution of Precision
Minimization Via Quadratically Constrained Frac-
tional Programming

An approach to find the global optimal solution of the dilution of
precision (DOP) problem is presented. The DOP optimization prob-
lem considered assumes an environment comprising multiple ran-
domly predeployed sensors (or navigation sources) and an additional
sensor is to be introduced at the location that minimizes variations
of the DOP problem (e.g., weighted geometric DOP, horizontal DOP,
vertical DOP, etc.). It is shown that the DOP problem can be formu-
lated as a quadratically constrained fractional quadratic program.
An algorithm for solving this program is presented and Monte Carlo
simulation results are given demonstrating convergence of the pro-
posed approach to the global optimal solution. Additionally, Monte
Carlo simulation results are presented, demonstrating the efficacy of
the proposed algorithm to solving the DOP minimization problem
versus using nonlinear numerical optimization solvers, which often
converge to local optima. Also, the superiority of the proposed ap-
proach is demonstrated against other approaches that approximate
the DOP minimization problem.

I. INTRODUCTION

Optimal sensor placement is crucial in many applica-
tion domains including source localization, tracking, and
navigation [1]–[3]. In source localization and target track-
ing applications, one is interested in optimally placing the
sensor, which makes observations to an unknown source
(e.g., emitter) or target, minimizing the estimation error
uncertainty about the state of the sensor or target [4]–[6].
In navigation applications, one is interested in optimally
placing the sensor (e.g., receiver), which makes observa-
tions to known sources (e.g., global navigation satellite
system (GNSS) satellites or signal of opportunity (SOP)
transmitters), minimizing the estimator error uncertainty
about the sensor’s state [7]–[9]. Several metrics have been
defined as cost functions to be optimized, most notably first,
minimizing the geometric dilution of precision (GDOP) or
more generally the weighted GDOP (WGDOP), which is
equivalent to minimizing the trace of the estimation error
covariance matrix [10]–[15] and second, maximizing the
determinant of the GDOP or WGDOP matrix, which is
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equivalent to maximizing the determinant of the Fisher in-
formation matrix [2], [16]. However, all the aforementioned
optimization problems are nonconvex, necessitating the use
of numerical general-purpose optimization solvers, which
tend to be computationally intensive and could converge to
a local optimum.

Instead of directly optimizing a functional of the WG-
DOP matrix, alternative approximating metrics were pro-
posed, such as maximizing the area of the polygon whose
vertices are the endpoints of the unit line-of-sight (LOS)
vectors from the source to the sensor [17]. In [18], it was
shown that this criterion was piecewise concave for the
problem of placing an additional sensor to a set of prede-
ployed sensors localizing a single source using pseudorange
measurements, and a closed-form expression for the opti-
mal two-dimensional (2-D) position of the additional sensor
was derived. The problem was generalized to the case of lo-
calizing multiple sources and it was shown that optimizing
the product of areas yielded a set of parallelizable convex
programs [19].

This paper considers the following two equivalent prob-
lems. The first problem assumes an environment compris-
ing multiple randomly predeployed sensors that are col-
laboratively localizing an unknown source using range or
pseudorange measurements. In certain practical scenarios,
the sensors could be prevented from moving to more favor-
able locations to reduce the uncertainty about the source’s
estimated position, and it could be more efficient to deploy
an additional collaborating sensor. The second problem as-
sumes a receiver navigating with pseudorange measure-
ments from multiple GNSS satellites and terrestrial SOPs.
This paper addresses the questions of what is the optimal
location to place the additional sensor and what is the op-
timal location that the receiver should place itself? Here,
optimality is defined in the sense of minimizing the WG-
DOP or elements within the WGDOP matrix, e.g., weighted
horizontal dilution of precision (WHDOP), weighted ver-
tical dilution of precision (WVDOP), and weighted time
dilution of precision. In contrast to other approaches that
aim to optimize other metrics that approximate GDOP [13],
[20], this paper considers optimizing the WGDOP directly.
To the authors’ knowledge, there exists no method for ob-
taining the global optimal solution to this problem yet.

In order to obtain a global optimal solution, this pa-
per shows that the WGDOP minimization problem can
be formulated as a quadratically constrained fractional
quadratic program, to which numerical solutions yielding
the global optimum have been developed in the noncon-
vex optimization literature [21]. Monte Carlo (MC) sim-
ulations are presented showing that the solution obtained
using the proposed method always coincides with the true
global optimal solution. Simulations results are also pre-
sented demonstrating the efficacy of the proposed approach
to solving the WGDOP minimization problem versus using
general-purpose nonlinear numerical optimization solvers,
which often converge to local optima. Also, the superi-
ority of the proposed approach is demonstrated against

Fig. 1. Two motivating examples. (a) Placing an additional sensor for
optimal source localization. (b) Solving for relative SOP position to

minimize VDOP or WVDOP.

other approaches that approximate the DOP minimization
problem.

The remainder of this paper is organized as follows.
Section II presents two motivating problems considered
by this paper. Section III formulates the sensor placement
problem and describes the models employed in this paper.
Section IV proposes a method for solving the DOP min-
imization problem. Section V presents simulation results
validating the proposed approach. Concluding remarks are
given in Section VI.

II. MOTIVATING PROBLEMS

This paper addresses two equivalent problems. The first
problem, illustrated in Fig. 1(a), considers a number of
sensors (e.g., receivers) that are predeployed in some ran-
dom configuration, which are collaboratively localizing a
stationary source (e.g., emitter) by making pseudorange
observations to this source. A central estimator is used to
fuse pseudoranges from all sensors to estimate the source’s
3-D position and its clock bias. Where should an additional
sensor be placed so to minimize the WGDOP? If this ad-
ditional sensor is a moving agent, where should it move to
next?

The second problem, illustrated in Fig. 1(b), considers
an unmanned aerial vehicle (UAV) that is navigating via
GNSS signals, but whose navigation solution suffers from
a large vertical dilution of precision (VDOP) or WVDOP.
This problem is inherent to GNSS-based navigation, due to
the geometric configuration of GNSS satellites being above
the UAV. It has been demonstrated that utilizing terrestrial
SOP transmitters significantly reduces the VDOP or WV-
DOP, since now the elevation angle from which the signals
are received spans −90◦ to +90◦ [20], [22], [23]. In such
environment, where should the UAV position itself in order
to minimize its VDOP or WVDOP?

At the core, these problems are identical: they both boil
down to minimizing the WGDOP or elements within the
WGDOP matrix over a unit vector that corresponds to the
relative position vector between the additional sensor (nav-
igation source) and the source (UAV). In order to solve
these problems, this paper first formulates the core WG-
DOP minimization problem as a quadratically constrained
fractional quadratic program, to which numerical solutions
yielding the global optimum have been developed in the
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nonconvex optimization literature [21]. Next, the algorithm
for solving this minimization problem is detailed. Then,
MC simulations for the two DOP minimization problems
illustrated in Fig. 1 along with numerical convergence and
complexity analyses associated with the proposed approach
versus existing approaches are provided. An additional ap-
plication of the proposed approach for source localization
with a mobile agent is also presented.

III. MODEL DESCRIPTION AND PROBLEM
FORMULATION

In this section, the models adopted in this paper are de-
scribed and the DOP minimization problem is subsequently
formulated.

A. Model Description

The state to be estimated is η � [rT
s , cδts]

T, which is
composed of the 3-D position vector rs � [xs, ys, zs]T of
the source (UAV) and its clock bias cδts expressed in meters,
where c is the speed of light and δts is the source’s (UAV’s)
clock bias expressed in seconds. A prior for η may be
given, denoted by η̂, with the associated initial covariance
P0 � 0. The position vector of the j th sensor (navigation
source) is given by rrj � [xrj , yrj , zrj ]

T and its clock bias
by cδtrj , j = 1, . . . , N , whereN ≥ 5 is the total number of
sensors (navigation sources). It is assumed that the positions
and clock biases of all the sensors (navigation sources) are
known at any time-step. Moreover, each sensor is making
a pseudorange measurement to the source. Alternatively,
the UAV is making pseudorange measurements to each
navigation source. The pseudorange measurements may be
expressed as follows:

zj =
∥
∥rrj − rs

∥
∥

2 + c ·
[

δtrj − δts
]+ vj

where v � [v1, . . . , vN ]T is the measurement noise vector,
which is modeled as a zero-mean Gaussian random vec-
tor with covariance RN [24]. Note that the measurement
noise may be correlated; hence, RN is an arbitrary sym-
metric positive-definite matrix. In the case of the naviga-
tion sources being GNSS satellites, it is assumed that zj
has been corrected for ionospheric and tropospheric de-
lays. The Jacobian matrix HN of the measurement vector
z � [z1, . . . , zN ]T is given by

HN = [h1 . . . hN ]T , hj �
[

rT
s − rT

rj
∥
∥rs − rrj

∥
∥

2

,−1

]T

.

Subsequently, the estimation error covariance matrix of a
weighted nonlinear least-squares (WNLS) estimator with
N sensors (navigation sources), denoted PN , is given by

PN �
(

P−1
0 +HT

NR−1
N HN

)−1
.

B. Problem Formulation

The problem addressed in this paper is the optimal
placement of an additional sensor (navigation source) to a
set ofN − 1 ≥ 4 predeployed sensors (navigation sources)

Fig. 2. Visualization of g(PN ) = tr[PN ]. (a) 3-D pattern plot where
g(PN ) is proportional to the radial distance to the 3-D surface and the

corresponding sensor location is its projection onto the unit sphere. The
dark blue markers indicate the endpoints of the unit LOS vectors to four
predeployed sensors. The red marker indicates the endpoint of the vector
x that minimizes g(PN ). (b) Surface plot showing g(PN ) as a function of

the azimuth angle φ and elevation angle θ .

in order to optimize a functional of the localization (nav-
igation solution) estimation error covariance. To this end,
two cost functions are defined

g (PN ) � tr
[

TPNTT] , g′ (PN ) � det
[

T′PNT′T
]

,

where tr[·] is the matrix trace, det[·] is the matrix deter-
minant, T is an arbitrary L× 4 matrix and L is a positive
integer, and T′ is an arbitrary L′ × 4 matrix with rank L′

and L′ is a positive integer with 0 < L′ ≤ 4. These con-
ditions on T′ ensure that g′(PN ) is nonzero. Note that
HN = [HT

N−1 hN ]T and {rrj }N−1
j=1 and rs are fixed. There-

fore, HN−1 is constant. The problem is to find rrN that mini-
mizes g(PN ) or g′(PN ). The vector hN may be expressed as
hN = [xT − 1]T where x � rs−rrN

‖rs−rrN ‖2
is the unit LOS vec-

tor from the source (UAV) to the N th sensor (navigation
source). One can parameterize x in terms of the elevation
angle θ and the azimuth angle φ according to

x = [cos θ cosφ cos θ sinφ sin θ]T

where −π
2 ≤ θ ≤ π

2 and 0 ≤ φ < 2π . It can be seen that
any sensor (navigation source) position on the ray whose
direction is given by x yields the same estimation error co-
variance. Subsequently, the problem boils down to finding
the vector x on the unit sphere that minimizes g(PN ) or
g′(PN ), given by the following optimization problems:

minimize
xT x=1

g(PN ) = tr
[

TPNTT] (1)

minimize
xT x=1

g′(PN ) = det
[

T′PNT′T
]

. (2)

In the rest of this paper, these two problems are generally
referred to as the DOP minimization problem. In order to
visualize g(PN ) and g′(PN ), the following two motivating
examples are considered.

In the first example, four sensors are randomly placed on
the unit sphere, which was gridded by uniformly sampling
the domain of θ ∈ [−π

2 ,
π
2 ] and φ ∈ [0, 2π). Next, g(PN )

and g′(PN ) were evaluated for T = T′ = I at each (θ, φ)
pair and were plotted in two ways as shown in Figs. 2
and 3: (a) as a 3-D pattern plot where g(PN ) and g′(PN ) are
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Fig. 3. Visualization of g′(PN ) = det[PN ]. (a) 3-D pattern plot where
g′(PN ) is proportional to the radial distance to the 3-D surface and the

corresponding sensor location is its projection onto the unit sphere. The
dark blue markers indicate the endpoints of the unit LOS vectors to four
predeployed sensors. The red marker indicates the endpoint of the vector
x that minimizes g′(PN ). (b) Surface plot showing g′(PN ) as a function

of the azimuth angle φ and elevation angle θ .

Fig. 4. Visualization of g(PN ) = eT
3PN e3. (a) 3-D pattern plot where

the VDOP g(PN ) is proportional to the radial distance to the 3-D surface
and the corresponding sensor location is its projection onto the unit

sphere. The dark blue markers indicate the endpoints of the unit LOS
vectors to four GNSS satellites. The red marker indicates the endpoint of

the vector x that minimizes the WVDOP. (b) Surface plot showing the
WVDOP as a function of the azimuth angle φ and elevation angle θ .

proportional to the radial distance to the 3-D surface and the
corresponding sensor location is its projection onto the unit
sphere and (b) as a surface plot as a function of the azimuth
and elevation angles. It can be seen from Figs. 2 and 3 that
g(PN ) and g′(PN ) are nonconvex and have several maxima
and minima.

In the second example, a UAV is assumed to have access
to four GNSS satellites. The satellite elevation mask was
set to 10◦, i.e., satellites below such elevation mask are not
used to produce the navigation solution (this is common in
GNSS-based navigation to avoid severely attenuated GNSS
signals and multipath). The UAV is trying for solve its rel-
ative position to a terrestrial SOP in order to minimize
its VDOP, given by g(PN ) = tr[eT

3PN e3] = eT
3PN e3, where

e3 � [0, 0, 1, 0]T. Note that the distance to the GNSS satel-
lites is significantly large such that the unit LOS vectors
form the UAV to the satellites do not change while the
UAV is positioning itself with respect to the SOP. Hence,
this problem becomes equivalent to the sensor placement
problem whose solution is the desired relative position of
the SOP with respect to the UAV. This scenario is illus-
trated in Fig. 4, where the dark blue marks indicate the
endpoints of the unit LOS vectors to the four GNSS satel-

lites and the red mark indicates the relative position of the
SOP that minimizes the WVDOP. Since eT

3PN e3 is a scalar,
then g(PN ) = g′(PN ). Subsequently, only g(PN ) is plotted.
It can be seen from Fig. 4 that g(PN ) (and consequently
g′(PN )) is nonconvex and has several local minima and
maxima.

In the next section, a method for obtaining the global
minimum of g(PN ) is developed.

IV. DOP MINIMIZATION

In this section, the minimization problems (1) and
(2) are formulated as quadratically constrained fractional
quadratic programs and the global solutions are subse-
quently discussed.

A. DOP Minimization as a Quadratically Constrained
Fractional Quadratic Program

Let the measurement noise covariance RN after plac-
ing the N th sensor (navigation source) have the following
partitioning:

RN =
[

RN−1 rN
rT
N σ 2

N

]

.

Let its inverse YN be partitioned according to

YN � R−1
N =

[
YN−1 yN

yT
N μ2

N

]

.

The estimation error covariance matrix after placing the
N th sensor (navigation source) may then be expressed as

PN �
(

P−1
0 +HT

NR−1
N HN

)−1

= (

P−1
0 +HT

N−1YN−1HN−1 + μ2
NhNhT

N

+ hN yT
NHN−1 +HT

N−1 yNhT
N

)−1

= (

M+ uuT)−1
(3)

where u � μNhN + 1
μN

HT
N−1 yN and M � P−1

0 +HT
N−1

(YN−1 − 1
μ2
N

yN yT
N )HN−1. Using the matrix inversion

lemma, it can be shown that M = P−1
0 +HT

N−1R−1
N−1HN−1.

If a prior is available, then HN−1 does not need to be
full column rank. If no prior is available, then M =
HT
N−1R−1

N−1HN−1, in which case HN−1 must be full column
rank. Either way, M is positive definite and so is its inverse.
Using the matrix inversion lemma, PN may be expressed as

PN =M−1 − M−1uuTM−1

1+ uTM−1u
. (4)

Next, g(PN ) and g′(PN ) are re-expressed as fractional
quadratic cost functions.

1) Trace Minimization: Using (4), g(PN ) may be ex-
pressed as

g (PN ) = C − tr
[

TM−1uuTM−1TT
]

1+ uTM−1u
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where C � tr[TM−1TT]. Using the cyclic properties of the
trace, the cost function may be expressed as

g (PN ) = C + uTQu
1+ uTM−1u

(5)

where Q � −M−1TTTM−1. Note that hN = [xT,−1]T and
let Q, M−1, ζ � QHT

N−1 yN , and ψ � M−1HT
N−1 yN have

the following partitioning:

Q =
[

Ā1 b̄1

b̄T
1 c̄1

]

,M−1 =
[

Ā2 b̄2

b̄T
2 c̄2

]

, ζ =
[
ζ 1

ζ2

]

,ψ =
[
ψ1

ψ2

]

.

Then, g(PN ) may be expressed as

g (PN ) = g(x) � C + g1(x)

g2(x)

where gn(x) � xTAnx − 2bT
nx + cn, n = 1, 2, and

A1 � μ2
N Ā1

b1 � μ2
N b̄1 − ζ 1

c1 � μ2
N c̄1 + 1

μ2
N

yT
NHN−1QHT

N−1 yN − 2ζ2

A2 � μ2
N Ā2

b2 � μ2
N b̄2 − ψ1

c2 � μ2
N c̄2 + 1

μ2
N

yT
NHN−1M−1HT

N−1 yN − 2ψ2 + 1.

Subsequently, the DOP minimization problem in (1) may
be posed as

minimize
x∈F

g(x) (6)

where F = {x ∈ R
3 : xTx = 1}.

2) Determinant Minimization: Using (4) and
Sylvester’s determinant theorem, g′(PN ) may be expressed
as

g′ (PN ) = C ′
(

1+ uTQ′u
1+ uTM−1u

)

(7)

where Q′ � −M−1T′T(T′M−1T′T)−1T′M−1 and C ′ �
det [T′M−1T′T]. Let Q′ and ζ ′ � Q′HT

N−1 yN have the fol-
lowing partitioning:

Q′ =
[

Ā′1 b̄′1
b̄′1

T c̄′1

]

, ζ ′ =
[
ζ ′1
ζ ′2

]

.

Then, g′(PN ) may be expressed as

g′ (PN ) = g′(x) � C ′ + g
′
1(x)

g2(x)

where g′1(x) � xTA′1x − 2b′T1 x + c′1, and

A′1 � μ2
N Ā′1

b′1 � μ2
N b̄′1 − ζ ′1

c′1 � μ2
N c̄
′
1 +

1

μ2
N

yT
NHN−1Q′HT

N−1 yN − 2ζ ′2.

Subsequently, the DOP minimization problem in (2) may
be posed as

minimize
x∈F

g′(x). (8)

Note that (6) and (8) are of the form

minimize
x∈F

f (x) = C0 + f1(x)

f2(x)
(9)

where f (x), f1(x), f2(x), and C0 can be either g(x), g1(x),
g2(x), and C; or g′(x), g′1(x), g2(x), and C ′, respectively.

REMARK: Note that this analysis is readily extendable
to range measurements instead of pseudorange, i.e., zj =
‖rrj − rs‖ + vj . In this case, An, bn, cn, A′n, b′n, and c′n for
n = 1, 2 become

A1 � μ2
NQ

b1 � −QHT
N−1 yN

c1 � 1

μ2
N

yT
NHN−1QHT

N−1 yN

A2 � μ2
NM−1

b2 � −M−1HT
N−1 yN

c2 � 1

μ2
N

yT
NHN−1M−1HT

N−1 yN + 1.

A′1 � μ2
NQ′

b′1 � −Q′HT
N−1 yN

c′1 � 1

μ2
N

yT
NHN−1Q′HT

N−1 yN.

B. Domain Approximation

Although (9) minimizes the ratio of two quadratic
forms, it is not a quadratically constrained fractional
quadratic program due to the feasible domain. As discussed
in [21], the constraint was shown to take the form

C2
1 ≤ xTGx ≤ C2

2 (10)

where C2
2 > C2

1 ≥ 0 and G is a positive definite matrix. In
what follows, a method for transforming the constraint in
(9) into the form of (10) is presented.

First, it must be established that f (x) is continuous.
It can be seen from (5) and (7) that both denominators
are greater than one since M−1 � 0, i.e., g2(x) ≥ 1 and
g′2(x) ≥ 1. Consequently f (x) is continuous. Next, de-
note x	0 the true optimal solution of (9). Since f (x) is
continuous, then for every δ0 > 0 where ‖x − x	0‖2 < δ0,
there exists ε0 > 0 such that |f (x)− f (x	0)| < ε0. Now, let
ε0 ≡ ε	 < minx∈L |f (x)− f (x	0)|, where L is the set of
local minima on F excluding x	0. Therefore, there exists δ	

such that ‖x − x	0‖2 < δ	. In order to satisfy the form of
the constraint given in (10), the set F is approximated with

F2 =
{

x ∈ R
3 : 1 ≤ xTx ≤ 1+ δ} (11)

where δ > 0 is made infinitely small. This approximation
is needed to formulate the DOP minimization problem as
the quadratically constrained fractional quadratic problem
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Fig. 5. Visualization of F and F2 and the relationship between x	, x	0,
and x	δ .

discussed in the next section. It can be seen that

lim
δ→0

F2 = F .

Denote x	δ the solution to

minimize
x∈F2

f (x).

Since F2 is not strictly the unit sphere, then x	δ may not be
a unit vector. Define x	 to be a unit vector along x	δ as

x	 � x	δ
∥
∥x	δ

∥
∥

2

. (12)

This vector x	 will be shown to converge to the optimal
solution of (9) x	0. Let δ be small enough such that ‖x	0 −
x	δ‖2 < δ	. Moreover, it can be seen from Fig. 5 that ‖x	0 −
x	‖2 < ‖x	0 − x	δ‖2 since x	 is the projection of x	δ onto the
unit sphere.

Consequently, for a sufficiently small δ, the following
holds:

∥
∥x	0 − x	

∥
∥

2 < δ	 ⇒ ∣
∣f

(

x	0
)− f (

x	
)∣
∣ < ε	

implying that x	 converges to the solution of (9). Since C
is independent of x, the original optimization problem in
(9) may be approximated with

minimize
x∈F2

f1(x)

f2(x)
. (13)

C. Quadratically Constrained Fractional Quadratic
Program Solution

The quadratically constrained fractional quadratic pro-
gram was studied in [21]. Note that A1 (A′1) and A2 are
symmetric and there are no conditions on their definite-
ness. In case An (A′n) is not symmetric, it can be replaced

by An+AT
n

2 ( A′n+A′Tn
2 ) without changing the problem. In (13),

A2 � 0 (A′2 � 0), since it is a diagonal block of a positive
definite matrix. The only assumption needed to solve (13)
is that f2(x) is bounded below on F2 by a positive number
γ . It can be seen from (5) and (7) that this assumption is
trivially satisfied with f2(x) ≥ 1. An iterative bisection al-
gorithm for obtaining an ε-global optimal solution x	 for
the problem (13) was developed in [21], specifically

α	 ≤ f1 (x	)
f2 (x	)

≤ α	 + ε

where x	 ∈ F2, α	 � minx∈F2 { f1(x)
f2(x) }, and ε is an arbitrarily

small positive number. An upper and lower bound m and
M , respectively, on minx∈F2 { f1(x)

f2(x) }must first be established.

Algorithm 1: DOP Minimization.
1: Given: m,M (cf., (14) and (15)), and ε,
2: Initialization: l0 = m, u0 = M,
3: ul = 1+ ε,
4: while ul > ε, k ≥ 1, do
5: αk = lk−1+uk−1

2 ,
6: Solve minimize

x∈F2

βk = f1(x)− αkf2(x),

7: if β	k ≤ 0 then
8: lk ← lk−1, uk ← αk,

9: else
10: lk ← αk, uk ← uk−1,

11: ul ← uk − lk ,
12: Return x	 = argmin

x∈F2

{f1(x)− ukf2(x)}.

The following bounds may be established on f1 and f2:

f1(x) =
{

uTQu ≤ 0,

uTQ′u ≤ 0,
, f2(x) = 1+ uTM−1u ≥ 1

since Q � 0, Q′ � 0, and M−1 � 0. Subsequently, m and
M may be chosen to be

M = 0, m ≤ −max
x∈F2

−f1 (x) =
⎧

⎨

⎩

−max
x∈F2

−g1 (x)

−max
x∈F2

−g′1 (x)
.

(14)
Noting that ‖hN‖2

2 ≤ h+ δ, where h = 2 for pseudor-
ange measurements and h = 1 for range measurements, the
following inequality holds:

0 ≤ ‖u‖2 ≤ μN
√
h+ δ + 1

μN

∥
∥HT

N−1 yN
∥
∥

2 .

Therefore, m may be chosen to be

m = −

⎧

⎪⎨

⎪⎩

[

μN
√
h+ δ + 1

μN

∥
∥HT

N−1 yN
∥
∥

2

]2
λmax (−Q)

[

μN
√
h+ δ + 1

μN

∥
∥HT

N−1 yN
∥
∥

2

]2
λmax

(−Q′
)

.

(15)
where λmax(·) denotes the largest eigenvalue.

The following equivalency was shown in [25]

min
x∈F2

{
f1 (x)

f2 (x)

}

≤ α ⇔ min
x∈F2

{f1 (x)− αf2 (x)} ≤ 0.

This equivalency enables (13) to be solved using a bisection
algorithm, which is summarized in Algorithm 1.

Next, the algorithm for minimizing f1(x)− αf2(x) is
described. It can be seen that minimizing f1(x)− αf2(x) is

equivalent to minimizing xTÃx − 2b̃
T
x + c̃, where

Ã � A1 − αA2, b̃ � b1 − αb2, c̃ � c1 − αc2.

In the case of minimizingg′(PN ), An, bn, and cn are replaced
by A′n, b′n, and c′n, respectively. Note that Ã is symmetric;
therefore, it is diagonalizable with the following eigenvalue
decomposition

Ã = U�UT
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where U is orthonormal and � is a diagonal matrix whose
diagonal elements are the eigenvalues of Ã, denoted λi .
The eigenvalues and eigenvectors of Ã are reordered such
that λ1 ≥ λ2 ≥ λ3. With the change of variable x � Us
and defining w � UTb = [w1, w2, w3]T, the following op-
timization problems are equivalent:

minimize
x∈F2

f1 (x)− αf2 (x)

⇔ minimize
s∈F2

sT�s − 2wTs + c̃. (16)

The solution of (16) is given by s	 = [s	1, s
	
2, s

	
3]T [21], with

s	i =
wi

λi − η	 − ξ	

(

η	, ξ	
) =

⎧

⎪⎨

⎪⎩

(η̄, 0) , if λ3 ≤ 0

(η̄, 0) , if λ3 > 0 and h(η̄, 0) > h(0, ξ̄ )
(

0, ξ̄
)

, otherwise,

and η̄ and ξ̄ are the solutions to the optimization problems

maximize
η≤min{λ−3 ,0}

h (η, 0) (17)

maximize
0≤ξ<λ3

h (0, ξ ) (18)

respectively, where λ−3 is the left-hand limit of λ3 and

h (η, ξ ) � −
3

∑

i=1

w2
i

λi − η − ξ + (1+ δ)η + ξ + c̃.

The functions h1(η) � h(η, 0) and h2(ξ ) � h(0, ξ ) are
called secular functions [25]. These functions are strictly
concave for η, ξ < λ3, making (17) and (18) convex opti-
mization problems. Therefore, one may solve for h′1(η) ≡
0 (h′2(ξ ) ≡ 0) using iterative methods (e.g., Newton’s
method) and if η̄ ≥ 0 (ξ̄ ≤ 0), set η̄ ≡ 0 (ξ̄ ≡ 0). Finally,
x	δ is obtained from x	δ = Us	 and x	 is obtained from (12).

V. SIMULATION RESULTS

In this section, three sets of MC simulations are per-
formed to validate the proposed approach. In the first set,
described in Section V-A, the solution obtained with the
proposed algorithm is plotted against the global optimal
solution obtained by exhaustively sweeping the entire fea-
sible space, showing that the solution obtained with the
proposed algorithm always converges to the global opti-
mal solution. In the second set, described in Section V-B,
the solution obtained with the proposed algorithm is plot-
ted against the solution obtained with a general-purpose
solver, showing that the proposed algorithm outperforms
the general-purpose solver. In the third set, described in
Section V-C, the solution obtained with the proposed algo-
rithm is plotted against the solution of an existing method
that aims at maximizing the area of the polygon formed
by the endpoints of the unit LOS vectors pointing from the
source to the sensor [19], showing the superiority of the
proposed algorithm over the method in [19]. Moreover, the
proposed algorithm is evaluated in the case of source lo-
calization and simulation results, provided in Section V-E,

Fig. 6. MC simulation results comparing the global optimal solution
g	(PN ) obtained by exhaustively sweeping the feasible set versus the
optimal solution g(x	) obtained with the proposed approach. Results
corresponding to the WGDOP, WHDOP, and WVDOP problems are

given for N = 6 and 8 sensors. MC points are overlaid over a line
defined by g(x	) = g	(PN ), showing a perfect match.

show that the proposed algorithm always yields a lower
WGDOP compared to the one obtained with a general-
purpose solver.

A. Proposed Algorithm Versus Global Optimal Solution

In the first set of simulations, the two cost functions were
evaluated for three cases: first, the WGDOP, i.e., T = T′ =
I4×4; second, the WHDOP, i.e., T = T′ = [I2×2 02×2];
and third, the WVDOP, i.e., T = T′ = eT

3. For each case,
104 MC runs were conducted forN = 6 and 8. The optimal
solutions computed using the proposed approach, denoted
g(x	) and g′(x	), were plotted against the global optimal
solutions, denoted g	(PN ) and g′	(PN ), obtained by exhaus-
tively sweeping the entire feasible set, respectively (see
Figs. 6 and 7). The positions of the N − 1 predeployed
sensors were generated randomly by drawing N − 1 ele-
vation angles from U(−π

2 ,
π
2 ) and N − 1 azimuth angles

from U(0, 2π), where U(a, b) denotes the uniform distri-
bution with support over [a, b]. The measurement noise
covariance RN is also generated randomly at each iteration.
It can be seen that the optimal solutions obtained by the
proposed approach were identical to the optimal solution
obtained by exhaustively sweeping the feasible set. Note
that the WVDOP results for g′(PN ) is not plotted since in
the WVDOP problem, g(PN ) = g′(PN ).
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Fig. 7. MC simulation results comparing the global optimal solution
g′	(PN ) obtained by exhaustively sweeping the feasible set versus the
optimal solution g′(x	) obtained with the proposed approach. Results
corresponding to the WGDOP and WHDOP problems are given for
N = 6 and 8 sensors. MC points are overlaid over a line defined by

g′(x	) = g′	(PN ), showing a perfect match.

B. Proposed Algorithm Versus Nonlinear Numerical
Optimization Solver Solution

In this second set of simulations, the two cost functions
were evaluated for the same three cases. For each case, 104

MC runs were conducted forN = 6 and 8. The optimal so-
lutions computed using the proposed approach was plotted
against the global optimal solutions denoted g	fmincon(PN )
and g′	fmincon(PN ) obtained by using MATLAB’s nonlinear
numerical optimization solver fmincon (see Figs. 8 and
9). The MATLAB solver was initialized randomly. The po-
sition of the N − 1 predeployed sensors and the measure-
ment noise covariance RN were generated the same way
as in the first set of simulations. It can be seen that all
MC simulation points lie either on or below the g(x	) =
g	fmincon(PN ) and g′(x	) = g′	fmincon(PN ) lines, indicating
that g(x	) ≤ g	fmincon(PN ) and g′(x	) ≤ g′	fmincon(PN ) for
all MC runs. The proposed method outperforms MATLAB’s
fmincon, since fmincon may converge to a local mini-
mum instead of the global minimum. Note that fmincon
could be configured to employ one of four numerical algo-
rithms (for the given constraints): interior− point (de-
fault), sqp (sequential quadratic program), sqp− legacy,
and active− set. It was found that all four algorithms
yielded g(x	) ≤ g	fmincon(PN ) and g′(x	) ≤ g′	fmincon(PN )
for all MC runs.

C. Proposed Algorithm Versus Area Maximization
Solution

In this third set of simulations, the proposed method
is compared with the method described in [19]. In [19],
the authors propose to maximize the area of the poly-
gon whose vertices are the endpoints of the unit LOS
vectors pointing from the source to the sensors in a
2-D environment. Area maximization is intimately related
to DOP minimization, yielding a solution that is close to

Fig. 8. MC simulation results comparing the optimal solution
g	fmincon(PN ) obtained using MATLAB’s fmincon versus the optimal

solution g(x	) obtained with the proposed approach. Results
corresponding to the WGDOP, WHDOP, and WVDOP problems are

given for N = 6 and 8 sensors. MC points are overlaid over or lie
beneath a line defined by g(x	) = g	fmincon(PN ), showing that

g(x	) ≤ g	fmincon(PN ).

Fig. 9. MC simulation results comparing the optimal solution
g′	fmincon(PN ) obtained using MATLAB’s fmincon versus the optimal

solution g′(x	) obtained with the proposed approach. Results
corresponding to the WGDOP and WHDOP problems are given for
N = 6 and 8 sensors. MC points are overlaid over or lie beneath a line

defined by g′(x	) = g′	fmincon(PN ), showing that g′(x	) ≤ g′	fmincon(PN ).

the one obtained by DOP minimization. The area maxi-
mization’s elegant solution is shown to be the bisector of
the largest angle between consecutive sensors on the unit
circle [19]. To compare against the area maximization cri-
terion, the proposed algorithm is adapted to a 2-D envi-
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Fig. 10. MC simulation results comparing the optimal solution
g	area(PN ) obtained using the method proposed in [19] versus the optimal

solution g(x	) obtained with the proposed approach. Results
corresponding to the GDOP problems are given for (a) N = 4 and (b)
N = 6 sensors. MC points are overlaid over or lie beneath a line defined

by g(x	) = g	area(PN ), showing that g(x	) ≤ g	area(PN ).

ronment, i.e., rrj = [xrj , yrj ]
T and rs = [xs, ys]T, and thus

x = [cos(φ) sin(φ)]T. The cost function considered was
g(x) with T = I3×3 and RN = IN×N . A total of 104 MC
runs were conducted forN = 4 and 6. The optimal solutions
computed using the proposed approach were plotted against
the global optimal solutions obtained using the method in
[19] denoted g	area(PN ) in Fig. 10. The position of theN − 1
predeployed sensors were generated the same way as in the
first two sets of simulations. It can be seen that all MC sim-
ulation points lie either on or below the g(x	) = g	area(PN )
lines, indicating that g(x	) ≤ g	area(PN ) for all MC runs. It
can also be seen that the proposed method outperforms the
one proposed in [19].

D. Discussion

The simulation results presented in Sections V-A and
V-B reveal that while general-purpose nonlinear optimal
solvers could converge to a local minimum, the proposed
algorithm always converges to the global minimum, re-
gardless of the configuration of the predeployed sensors
(navigation sources) or the measurement noise covariance
matrix. It is important to note that initialization affects the
final solution in the general-purpose nonlinear numerical
optimization solver. However, there is no way of know-
ing where the solver must be initialized to guarantee its
convergence to the global optimal solution. This justifies
why fmincon was initialized randomly on the unit sphere.
In contrast, the proposed method does not need any ini-
tialization and always converges to the global optimum.
The simulation results presented in Section V-C reveal that
although the area maximization problem is a good approxi-
mation of the DOP minimization problem, it does not yield
a lower GDOP than the one obtained using the proposed
method.

Next, the complexity of the proposed algorithm is an-
alyzed. First, the complexity of obtaining the global min-
imum by exhaustively sweeping the feasible space is dis-
cussed. Consider a uniform gridding of the elevation and
azimuth angles. Denote S to be the resulting number of
discrete intervals in the elevation angle range. Since the
azimuth angle range is twice as large as the elevation angle
range, the resulting number of discrete intervals in the az-

Fig. 11. Simulation results demonstrating the application of the
proposed algorithm to source localization. (a) Four sensors are

predeployed around a source and are making pseudorange measurements
to localize it. A mobile agent is then deployed to minimize the WGDOP

for 10 consecutive time-steps. (b) WGDOP results for the proposed
algorithm and MATLAB’s fmincon.

imuth angle range will be 2S. Therefore, there will be 2S2

feasible points to evaluate. However, the complexity of the
proposed algorithm is independent of the gridding resolu-
tion. In [21], it is noted that the computationally expensive
part of the proposed algorithm is computing the eigenvalues
of Ã, which has a complexity of O(n3), where n is the size
of the matrix. However, in the optimization problems ad-
dressed in this paper, the size of Ã is always 3, which means
that the cost of the proposed algorithm is constant; namely
O(1) per iteration. Therefore, as S increases, the number of
feasible solutions increases quadratically, whereas the com-
plexity of the proposed algorithm remains constant. In the
previous simulation results, ε was chosen to be ε ≡ 10−7.
In order to obtain this resolution in the exhaustive sweeping
approach, S must be greater than 6.28× 107, which is im-
practically large. Note that both algorithms are comparable
in memory allocation and do not require a lot of memory.
The simulations were conducted on a desktop computer
with an Intel i7 processor clocked at 3.6 GHz with 16 GB
of RAM. For S = 128, the sweeping algorithm iteration
took on average 0.185 s, while the proposed algorithm took
0.00183 s per iteration, which is approximately 200 times
faster than the sweeping algorithm.

E. Application to Source Localization

In this section, the proposed algorithm is applied to
source localization with a mobile agent. To this end, four
sensors were predeployed randomly around an unknown
source. The sensors are making pseudorange measurements
to localize the unknown source. It is desired to deploy
a mobile agent that chooses its next position so to mini-
mize the WGDOP associated with localizing the source.
The diagonal elements of the measurement noise covari-
ance were set to {10, 11, 9, 8, 12} and all the off-diagonal
elements were set to 2. The measurements taken by the sen-
sors and the moving agent are processed in a centralized,
sequential manner. After each measurement taken by the
sensors and the mobile agent, the prior P0(k) is updated
according to

P−1
0 (k + 1) = P−1

0 (k)+HT
N (k)R−1

N HN (k),
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where k is the time-step index and HN (k) is the measure-
ment Jacobian evaluated at the sensors’ fixed positions and
the mobile agent’s current position. The mobile agent’s op-
timal position was determined for 10 successive time-steps
using the proposed algorithm as well as MATLAB’s fmincon
for comparison purposes. The simulation results are shown
in Fig. 11, from which it can be seen that the proposed
method outperforms fmincon. It is important to note that
this method can also be applied to the case of a mobile
source or to the case where the sensors are making range
measurements to a mobile target.

VI. CONCLUSION

This paper proposed a method for obtaining a global
minimum for the DOP minimization problem. Two equiva-
lent problems were formulated, where it was assumed that
an N th sensor (navigation source) was to be added to a set
ofN − 1 predeployed sensors (navigation sources) estimat-
ing the 3-D position and clock bias of a source (UAV). The
additional sensor was to be placed so to minimize variations
of the DOP problem (WGDOP, WHDOP, WVDOP, etc.).
It was shown that the proposed cost functions are non-
convex. Subsequently, a method for obtaining the global
minimum of the proposed cost functions was presented by
formulating the DOP minimization problem as a quadrati-
cally constrained fractional quadratic problem. Simulation
results were provided validating the global optimality of
the solution obtained from the proposed algorithm. It was
shown that the proposed method is superior to nonlinear
numerical optimization solvers, that often converge to local
optima. Moreover, it was shown that the proposed method
outperforms the area maximization criterion.

JOE J. KHALIFE , Student Member, IEEE
University of California, Riverside, USA

ZAHER (ZAK)
M. KASSAS , Senior Member, IEEE
University of California, Riverside, USA
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