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A framework that could achieve submeter-level unmanned aerial
vehicle (UAV) horizontal navigation in multipath-free environments
with cellular carrier phase measurements is developed. This frame-
work exploits the “loose” synchronization between cellular base
transceiver station (BTS) clocks. It is shown through extensive ex-
perimental data that the beat frequency stability of cellular BTSs
approaches that of atomic standards and that the clock deviations
can be realized as a stable autoregressive moving average model. This
BTS clock model is referred to as loose network synchronization.
A rule-of-thumb is established for clustering the clock deviations to
minimize the position estimation error, while significantly reducing
the computational complexity. The presented models allow the UAV
to achieve sustained carrier phase-based meter- to submeter-accurate
navigation. To demonstrate the efficacy of the developed framework,
this article presents three UAV flight experiments in Southern Cali-
fornia, USA, utilizing signals from different cellular providers trans-
mitting at different frequencies. The three experiments took place
in open, semiurban environments with nearly multipath-free, line-of-
sight (LOS) conditions, in which the UAV traveled 1.72, 3.07, and 0.61
km, achieving a horizontal position root mean squared error of 36.61,
88.58, and 89.33 cm, respectively, with respect to the UAV’s on-board
navigation system.
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I. INTRODUCTION

Unmanned aerial vehicles (UAVs) will demand a re-
silient, accurate, and tamper-proof navigation system [1].
Current UAV navigation systems will not meet these strin-
gent demands as they are dependent on global naviga-
tion satellite system (GNSS) signals, which are jammable,
spoofable, and may not be usable in certain environments
(e.g., deep urban canyons) [2]–[4]. The potential of signals
of opportunity (SOPs) (e.g., AM/FM radio [5]–[7], low
Earth orbit (LEO) satellite [8]–[12], Wi-Fi [13]–[16], digital
television [17]–[21], and cellular [22]–[32]) as complemen-
tary or alternative navigation sources have been the subject
of extensive research recently. Navigation with SOPs has
been demonstrated on ground vehicles and UAVs, achieving
a localization accuracy ranging from meters to tens of me-
ters, with the latter accuracy corresponding to ground vehi-
cles in deep urban canyons with severe multipath conditions
[33]–[39]. Cellular signals, particularly 3G code-division
multiple access (CDMA), 4G long-term evolution (LTE),
and 5G new radio (NR), are among the most attractive
SOP candidates for navigation. These signals are abundant,
received at a much higher power than GNSS signals, offer
a favorable horizontal geometry, and are free to use. Unlike
ultra-wide bandwidth positioning [40], [41], cellular SOP-
based navigation does not require additional transmitter
infrastructure. Several receiver designs have been proposed
recently that produce navigation observables from cellular
CDMA, LTE, and NR signals [23], [42]–[45]. Moreover,
error sources pertaining to code phase-based navigation
with cellular CDMA systems have been derived and per-
formance under such errors has been characterized [24],
[44]. While cellular signals are jammable and spoofable
[46]–[49], they are typically received outdoors at carrier-
to-noise ratios that are more than 30 dB higher than GNSS
signals [50]. As such, considerably higher power would
be needed to jam cellular signals than is needed to jam
GNSS signals. Moreover, cellular signals are transmitted
in multiple frequency bands. The cellular 3G, 4G, and 5G
spectrum spans the 700 MHz to nearly 6 GHz bands. The
5G millimeter wave (mmWave) spectrum is envisioned to
span several GHz of spectrum, with some bands reaching up
to 400 MHz of bandwidth. Unless most cellular bands are
simultaneously attacked, an SOP receiver could detect the
attack by leveraging redundancy in the measurements. This
makes staging a successful, clandestine attack on cellular
SOPs generally challenging, as the attacker would need to
target the entire cellular spectrum. Although not impossible,
the capability of completely jamming cellular SOPs has not
become as accessible yet as in the case of jamming GNSS
signals, which can be readily performed through illegal
but widely available personal privacy devices. As jamming
technology becomes more capable, navigation systems can
be made more robust by exploiting more signals, whether
dedicated navigation signals or other forms of SOPs.

A challenge that arises in cellular-based navigation is the
unknown states of cellular base transceiver stations (BTSs),
namely their position and clock errors (bias and drift).
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This is in sharp contrast to GNSS-based navigation, where
the states of the satellites are transmitted to the receiver
in the navigation message. To deal with this challenge, a
base/rover framework was proposed in [24], [44], [51], in
which the base and rover make pseudorange measurements
to the same BTSs in the environment. The base was as-
sumed to have complete knowledge of its states (e.g., by
having access to GNSS signals), while estimating the states
of BTSs in its environment, and sharing these estimates
with a rover that had no knowledge of its states. Another
framework was developed in which the rover estimated its
states simultaneously with the states of the BTSs in the
environment, i.e., performed radio simultaneous localiza-
tion and mapping (radio SLAM) [52]–[55]. It is worth
noting that since cellular BTSs are spatially stationary,
their positions may be mapped prior to navigation (e.g., by
dedicated mapping receivers [56] or from satellite imagery
and cellular databases). However, the BTSs’ clocks errors
must be continuously estimated, whether in the base/rover
framework or radio SLAM framework, since these errors
are stochastic and dynamic.

A preliminary study for cellular carrier phase-based
nondifferential single UAV navigation was conducted in
[25]. The proposed framework relied on the relative stability
of 3G CDMA cellular BTS clocks. It was revealed that while
these clocks are not perfectly synchronized to GNSS, the
clock biases of different neighboring BTSs are dominated
by a common term. Another study was conducted for 4G
LTE cellular BTSs, also known as eNBs, in the presence of
real GPS jamming [57]. The study showed that LTE eNBs
maintain tight synchronization for at least 90 min, even in
the absence of GPS signals. These key findings suggest
that precise carrier phase navigation with cellular signals
is achievable with or without a base.

This article presents a comprehensive study in which a
UAV navigating using cellular carrier phase measurements
could achieve submeter-level accuracy in a multipath-free
environment with line-of-sight (LOS) conditions. It is as-
sumed that the UAV has knowledge of its position for a
period of time, e.g., from a GNSS receiver or from the
cellular-based differential framework proposed in [51], be-
fore loss of communication with the base, whether initially
or intermittently. It is important to note that the algorithms
presented in this article are agnostic to the cellular signal
type (3G, 4G, 5G, and beyond) as long as navigation observ-
ables can be produced from these signals. This article stud-
ies 3G and 4G signals and the carrier phase observables were
obtained using the receivers proposed in [23] and [44]. The
proposed framework assumes a certain level of synchroniza-
tion between the towers, which has been observed in 3G and
4G systems [25], [57]. This article shows that while cellular
networks are not as tightly synchronized as GPS, since they
are not intended for navigation, there are strong correlations
between the BTS clock biases. This level of synchronization
is referred to as “loose” network synchronization. A clock
bias clustering algorithm is developed, motivated by the
strong correlations between the clock biases. This results
in a tradeoff between 1) lost accuracy due to eliminating

some clock biases and 2) improved precision by reducing
the dilution of precision (DOP). The proposed clustering
method aims at exploiting the correlations between BTS
clock biases to resolve this tradeoff by minimizing the
resulting position error. In particular, this article extends
[25] by making the following three contributions:

1) A comprehensive method to obtain the statistics of
the BTS clock deviations is presented. It is shown
that the beat frequency stability of cellular BTSs ap-
proaches that of atomic standards and that the clock
deviations can be realized as a stable autoregressive
moving average (ARMA) model. The stationarity of
such deviations is validated experimentally.

2) The navigation performance is analyzed extensively
as a function of clustering frequency.

3) Extensive experimental results with 3G CDMA and
4G LTE signals from different cellular providers
transmitting at different frequencies are presented,
demonstrating the efficacy of the proposed frame-
work. The UAV flight experiments took place in
Southern California, USA, in three different open
semiurban environments with multipath-free LOS
conditions. In all experiments, the UAV remained
within the same sector of each BTS. The UAV
achieved a horizontal position root mean-squared
error (RMSE) of: 1) 36.61 cm over a trajectory
of 1.72 km, 2) 88.58 cm over a trajectory of 3.07
km, and 3) 89.33 cm over a trajectory of 609 m.
The RMSEs were calculated relative to the UAV’s
on-board navigation solution.

The rest of this article is organized as follows. Section II
describes the cellular carrier phase observable model. Sec-
tion III describes the single-UAV navigation framework that
leverages the relative stability of cellular SOPs. Section IV
provides experimental results demonstrating the proposed
framework, showing submeter-level UAV navigation accu-
racy in nearly multipath-free environments. Finally, Sec-
tion V concludes this article.

II. CELLULAR CARRIER PHASE OBSERVABLE MODEL

In cellular systems, several known signals are trans-
mitted for synchronization or channel estimation purposes.
In cellular CDMA systems, a pilot signal consisting of a
pseudorandom noise sequence, known as the short code, is
modulated by a carrier signal and broadcast by each BTS
for synchronization purposes [58]. Therefore, by knowing
the shortcode, the receiver may measure the code phase of
the pilot signal as well as its carrier phase; hence, forming
a pseudorange measurement to each BTS transmitting the
pilot signal. In LTE, two synchronization signals [primary
synchronization signal (PSS) and secondary synchroniza-
tion signal (SSS)] are broadcast by each BTS, referred to
evolved node B (eNodeB) in LTE systems [59]. In addi-
tion to the PSS and SSS, a reference signal known as the
cell-specific reference signal (CRS), is transmitted by each
eNodeB for channel estimation purposes [59]. The PSS,

4262 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 58, NO. 5 OCTOBER 2022

Authorized licensed use limited to: The Ohio State University. Downloaded on October 12,2022 at 17:26:44 UTC from IEEE Xplore.  Restrictions apply. 



SSS, and CRS may be exploited to draw carrier phase
and pseudorange measurements on neighboring eNodeBs
[23], [37]. In the rest of this article, availability of code
phase, Doppler frequency, and carrier phase measurements
of cellular CDMA and LTE signals is assumed (e.g., from
specialized navigation receivers [23], [35], [37], [42]–[44],
[60]).

Let n ∈ {1, . . . ,N}denote the cellular SOP index, where
N is the total number of SOPs. Moreover, let k = 0, 1, . . . ,
denote the time index, which represents time at tk = t0 +
kT , where t0 is some initial time and T is the subaccumula-
tion period in the receiver. The carrier phase at time-step k,
expressed in meters, can be parameterized in terms of the
receiver and cellular SOP states as

zn(k) =
√∥∥rr (k) − rsn

∥∥2

2
+�z2

r,sn
(k)

+ c · [
δtr (k) − δtsn (k)

] + λNn + vn(k) (1)

where rr � [xr, yr]T is the receiver’s two-dimensional (2-D)
position vector; rsn � [xsn , ysn ]T is the cellular BTS’s known
2-D position vector; �zr,sn � zr (k) − zsn is the difference
between the receiver’ and BTS’s altitude; c is the speed
of light; δtr and δtsn are the receiver’s and cellular BTS’s
clock biases, respectively; λ is the signal’s wavelength; Nn

is the carrier phase ambiguity; and vn(k) is the measure-
ment noise, which is modeled as a discrete-time zero-mean
white Gaussian sequence with variance σ 2

n (k). Note that
a coherent phase-locked loop (PLL) may be employed in
CDMA and LTE navigation receivers, since the cellular
synchronization and reference signals do not carry any data.
As such, the measurement noise variance can be expressed
as [61]

σ 2
n (k) = λ2 BPLL

C/N0,n(k)
(2)

where BPLL is the receiver’s PLL noise equivalent band-
width and C/N0,n(k) is the cellular SOP’s measured carrier-
to-noise ratio at time-step k. The remainder of this article
assumes zero-mean Gaussian measurement noise. The ac-
tual measurement noise statistics may differ from the what
is assumed in (2). Therefore, instead of using (2), Gaus-
sian overbounds of the true measurement noise distribution
could be used, if known. Methods described in [62]–[64]
could be used to compute overbounds of the measurement
noise statistics in different environments. Note that small
UAVs and hearable cellular BTSs are typically at com-
parable altitudes, which makes the vertical diversity very
poor. Therefore, one can only estimate the UAV’s horizontal
position using cellular SOPs without introducing significant
errors. As such, the proposed frameworks assume that the
UAV and BTS altitudes, zr (k) and zsn , respectively, are
known and only the UAV’s 2–D position is estimated.

It is important to note that the channels between the
UAVs and the cellular BTSs do not suffer from severe
multipath, as a strong LOS component is usually observed
in the received signal [65]. In the case of severe multipath
or non-LOS (NLOS) conditions, it is assumed that either 1)
signal processing techniques at the SOP receiver level [37],

Fig. 1. Experimental data showing cδtn(k) − cδtn(0) obtained from
carrier phase measurements over 24 hours for three neighboring BTSs. It
can be seen that the clock biases cδtn(k) in the carrier phase measurement

are very similar, up to an initial bias cδtn(0) which has been removed.
Remark: The receiver’s clock was derived from a GPS-disciplined

oven-controlled crystal oscillator (OCXO), which do not typically have a
long-term drift. Therefore, the observed drift is most likely due to the

BTS clocks. However, this does not affect the new clock model as it does
not disambiguate between the BTS and receiver clock biases and only

considers their difference, as per (11).

[66]–[72] or 2) measurement outlier rejection techniques
[62] are used to mitigate multipath or exclude measurements
with large errors due to multipath. Concepts of receiver au-
tonomous integrity monitoring may also be used to exclude
measurements with large errors, which can be considered
as faulty measurements [73]–[75]. Alternatively, multipath
error models may be used to predict and mitigate large
measurement errors, either through multipath prediction
maps [63], [76] or statistical models [77]. To this end,
it is assumed in the rest of this article that the effect of
multipath has either 1) been mitigated or 2) included in the
measurement model (1).

III. PRECISE NAVIGATION WITH SOP CARRIER PHASE
MEASUREMENTS

This section discusses a cellular carrier phase navigation
framework that is employable on a single UAV.

A. Combined Clock Errors

The terms c[δtr (k) − δtsn (k) + λ
c Nn] are not needed to

be estimated individually and are thus combined into one
term defined as

cδtn(k) � c

[
δtr (k) − δtsn (k) + λ

c
Nn

]
. (3)

The combined clock errors of three BTSs over a 24-h period
are shown in Fig. 1. It was noted in [78] that while large dif-
ferences between the BTSs’ clock biases may be observed
(the code phase synchronization requirement as per the
cellular protocol is to be within 3μs), cellular BTSs possess
tight carrier frequency synchronization, as seen by the Allan
deviations computed for the three BTSs over 24 h and shown
in Fig. 2. Therefore, the resulting clock biases in the carrier
phase estimates will be very similar, up to an initial bias, as
shown in Fig. 1. This level of synchronization is referred
to as loose network synchronization. Consequently, one
may leverage this relative frequency stability to eliminate
parameters that need to be estimated. Moreover, this allows
one to use a static estimator (e.g., a WNLS) to estimate
the position of the UAV. To achieve this, in what follows,
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Fig. 2. Allan deviations of absolute and beat frequencies for the 3 BTSs
shown in Fig. 1. The beat frequency is calculated from the clock drift
between two BTSs, whereas the absolute frequency is the clock drift
between the receiver and BTS. The Allan deviations were calculated

from data collected over 24 h. The carrier frequency was 883.98 MHz. It
is worth noting that while the beat frequency stability approaches that of

atomic standards, it is not quite the same as it tends upwards for
relatively short averaging periods of 0.1 to 100 s. This could be due to the

fact that GPS corrections on the BTSs’ clocks happen gradually over
several seconds.

the carrier phase measurement is first reparameterized and
a WNLS estimation framework is subsequently developed.
In what follows, it is assumed that the UAV remains within
one sector of a particular BTS. A complete treatment of
clock bias mismatches arising due to crossing BTS sectors
is discussed in [24] and [44].

B. Carrier Phase Measurement Reparametrization

Motivated by the experimental results in [78], the fol-
lowing reparametrization is proposed

cδ̄tn(k) � cδtn(k) − cδtn(0) ≡ cδt (k) + εn(k) (4)

where cδt is a time-varying common bias term and εn is the
deviation of cδ̄tn from this common bias and is treated as
measurement noise. Using (4), the carrier phase measure-
ment (1) can be reparameterized as

zn(k) =
√∥∥rr (k) − rsn

∥∥2

2
+�z2

r,sn
(k)

+ cδt (k) + cδt0n + ηn(k) (5)

where cδt0n � cδtn(0) and ηn(k) � εn(k) + vn(k) is the
overall measurement noise. The statistics of εn will
be discussed in Section III-E. Note that cδt0n can be
obtained knowing the initial position and given the
initial measurement zn(0) according to cδt0n ≈ zn(0) −√

‖rr (0) − rsn‖2
2 +�z2

r,sn
(0). This approximation ignores

the contribution of the initial measurement noise. If the
receiver is initially stationary for a period k0T seconds,
which is short enough such that δt (k) ≈ 0 for k = 1, . . . , k0,
then the first k0 samples may be averaged to obtain a more
accurate estimate of cδt0n .

It is proposed that instead of lumping all N clock biases
into one bias cδt to be estimated, the clocks get clustered
into L clusters, each of size Nl such as

L∑
l=1

Nl = N. (6)

Fig. 3. Experimental data for re-parameterized clock biases cδ̄tn(k)
over 30 s for 8 BTSs. The clock biases have been visually clustered into

three clusters as an illustrative example.

As such, the clocks in a cluster l are lumped into one bias
cδtl to be estimated. This gives finer granularity for the
parametrization (4), since naturally, certain groups of cel-
lular SOPs will be more synchronized with each other than
with other groups (e.g., corresponding to the same network
provider, transmission protocol, etc.) or some may lose
synchronization altogether in some unlikely event. In the
case of complete loss of synchronization, a framework for
navigation with asynchronous SOPs could be used instead
at the price of lower position accuracy [79]. An illustrative
experimental plot is shown in Fig. 3. The figure shows an
oscillating, dominant common term that is most likely due
to the receiver’s clock bias. Note that since the 2-D position
vector of the UAV is being estimated along with L clock
biases, the number of clusters L cannot exceed N − 2, oth-
erwise there would be more unknowns than measurements.

Without loss of generality, it assumed that the carrier
phase measurements have been ordered such that the first N1

measurements were grouped into the first cluster, the second
N2 measurements were grouped into the second cluster, et.
Next, obtaining the navigation solution with a WNLS is
discussed.

C. Navigation Solution

Given N ≥ 3 pseudoranges modeled according to (5)
and L ≤ N − 2 SOP clusters, the receiver may solve for its
current position rr and the current set of common biases
cδt � [cδt1, . . . , cδtL]T using a WNLS estimator. The state
to be estimated is defined by x � [rr

T, cδtT]T. An estimate
x̂ may be obtained using the iterated WNLS equations as

x̂( j+1)(k) = x̂( j)(k) + (
HTR−1

η H
)−1

HTR−1
η δz(k) (7)

where δz(k) � [δz1(k), . . . , δzN (k)]T and δzn(k) � zn(k) −[√
‖r̂( j)

r (k) − rsn‖2
2 +�z2

r,sn
(k) + cδ̂t ( j)

l (n)(k) + cδt0n

]
, Rη =

diag[σ 2
1 + σ 2

ε1
, . . . , σ 2

N + σ 2
εN

] is the measurement noise co-
variance, where σ 2

εn
will be discussed in Section III-E, j

is the WNLS iteration index, and H is the measurement
Jacobian given by

H � [G �] , � �

⎡
⎢⎣

1N1 . . . 0
...

. . .
...

0 . . . 1NL

⎤
⎥⎦ (8)
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G �

⎡
⎢⎢⎢⎢⎢⎢⎣

[r̂( j)
r (k)−rs1 ]T

√
‖r̂( j)

r (k)−rs1‖2

2
+�z2

r,s1
(k)

...
[r̂( j)

r (k)−rsN ]T∥∥∥∥
√
‖r̂( j)

r (k)−rsN ‖2

2
+�z2

r,sN
(k)

∥∥∥∥
2

⎤
⎥⎥⎥⎥⎥⎥⎦

(9)

and 1Nl � [1, . . . , 1]T. Note that

l (n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, for n = 1, . . . ,N1

2, for n = N1 + 1, . . . ,
∑2

l=1 Nl
...

...
L, for n = ∑L−1

l=1 Nl + 1, . . . ,N.

(10)

After convergence [i.e., x̂( j+1)(k) ≈ x̂( j)(k)] the final esti-
mate is obtained by setting x̂(k) ≡ x̂( j+1)(k). In the rest of
this article, it is assumed that H is always full column rank.
Observability conditions and their relation to the rank of H
has been studied in [79] and [80]. It is important to note
that this article makes the assumption that Rη is diagonal.
In practice, it may not be. In this case, a degradation in the
performance is expected. To fully address this issue, the cor-
relation between εn must be characterized and accounted for
in Rη. Characterizing these correlations is rather involved
and is deferred for future work. The sequel assumes that Rη

remains diagonal.

D. Common Clock Bias Parametrization

Note that the clock bias clusters {cδtl}L
l=1 are “virtual

clock biases,” which are introduced to group SOPs whose
carrier frequency is more synchronized than others. This
would in turn yield more precise measurement models,
reducing the estimation error. This section parameterizes
cδtl as a function of cδtn. This parametrization is based on
the following theorem.

THEOREM III.1: Consider N ≥ 3 carrier phase measure-
ments. Assume that the contribution of the relative clock
deviation εn is much larger than the carrier phase measure-
ment noise vn and that εn are uncorrelated with identical
variances σ 2. Then, the position error at any time instant
δrr (k) due to relative clock deviations is independent of
cδtl .

PROOF: See Appendix A.

In plain words, Theorem III.1 is saying that the po-
sition error is fully characterized by {εn}N

n=1, assuming it
dominates the measurement noise, regardless of the actual
values of {cδtl}L

l=1. The assumption that the contribution of
the relative clock deviation εn is much larger than the carrier
phase measurement noise vn comes from experimental data,
where ‖ε‖2 was observed to be within 0.2 and 4 m, whereas
σn was on the order of a few cm. To illustrate that, Fig. 4(a)
shows the time history of εn for the three BTSs shown in
Fig. 1 over 24 h, from which it is clearly seen that ‖ε‖2

can be in the order of a few meters. Although εn is stable,
Fig. 4(b) shows that the process appears to be initially

Fig. 4. (a) Time history of εn for the three BTSs shown in Fig. 1 over 24
h. (b) First 200 s of εn(k) showing that the clock deviation process

appears to have a diverging short-term behavior. (c) A 75-s portion of ε1

around the eighth hour, as well as a polynomial fit. (d) Residuals between
the data and the polynomial fit, whose standard deviation was calculated

to be 1.85 cm.

diverging. This apparently diverging short-term behavior
is also discussed in Section IV-A. Fig. 4(c) shows a 75-s
portion of ε1 around the eighth hour, as well as a polynomial
fit. The residuals between the data and the polynomial fit are
shown in Fig. 4(d), whose standard deviation was calculated
to be 1.85 cm. These residuals contain the effect of v1(k) as
well as wε1 (k); therefore, σn is upper bounded by 1.85 cm,
which validates the assumption that the relative clock devi-
ation εn is much larger than the carrier phase measurement
noise vn.

The reparametrization of cδ̄tn(k) in (4) does not assume
a specific mapping to cδt (k) and εn(k) other than being the
sum of the two latter terms. Theorem III.1 shows that for
a given clustering, the clock bias error term contributing
the receiver position error (denoted ε̃n in Appendix A)
are only a function of 1) {cδ̄tn}N

n=1 and 2) the SOP clock
bias clustering [see (36)]. Following the result in (36), the
following parametrization is adopted

cδtl (k)≡ 1

Nl

Nl∑
i=1

cδ̄t li (k), εn(k)≡cδ̄t n(k)−cδtl (n)(k) (11)

where li � (
∑l−1

u=1 Nu) + i, for i ∈ 1, . . . ,Nl . The term
cδtl (k) is equivalent to cδt (k) in (4) for the case of multiple
clusters. Note that the UAV can perform an exhaustive
search over the different clustering possibilities to minimize
its position error while it has access to GPS. The num-

ber of possible clusters is given by Nclus = ∑N−2
L=1

(
N
L

)
=

∑N−2
L=1

N!
L!(N−L)! . It can be seen that this number becomes

impractically large as N increases. A rule-of-thumb that
significantly reduces Nclus is discussed in Section III-G.
Note that it is assumed that cycle slips in the receiver are
uncommon. As such, they will be treated as almost constant
offsets and will not affect the clustering process.
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E. Statistics of the Clock Deviations

It was found that εn is appropriately modeled to evolve
according to the ARMA model given by [25]

εn(k + 1) =
p∑

i=1

φiεn(k − i + 1)

+
q∑

i=1

ψiwεn (k − i + 1) + wεn (k) (12)

where p and {φi}p
i=1 are the order and the coefficients of the

autoregressive (AR) part, respectively; q and {ψi}q
i=1 are the

order and the coefficients of the moving average (MA) part,
respectively; and wε is a white sequence. Identifying p and q
and their corresponding coefficients can be readily obtained
with standard system identification techniques [81], and it
was found that p = q = 6 was usually enough to whiten
wεn [25]. Therefore, εn will also be a Gaussian sequence.
Without loss of generality, it is assumed that εn(i − p) = 0
for i = 1, . . . , p. Subsequently, E[εn(k)] = 0. The variance
of εn(k) is discussed next. The ARMA process in (12) may
be represented in state-space according to

ξn(k + 1) = Fξnξn(k) + �ξnwεn (k) (13)

εn(k) = hT
εn
ξn(k) (14)

where ξn is the underlying dynamic AR process, Fξn is its
state transition matrix, �ξn is the input matrix, and hT

εn
is

the output matrix. The eigenvalues of Fξn were computed
to be inside the unit circle, implying stability of ξn. The
covariance of ξn, denoted Pξn , evolves according to

Pξn (k + 1) = Fξn Pξn (k)FT
ξn

+ Qξn (15)

where Qξn � σ 2
wεn

�ξn�
T
ξn

and the variance of the clock devi-
ation εn at any given time-step is given by

σ 2
εn

(k) = hT
εn

Pξn (k)hεn . (16)

Since ξn is stable, Pξn (k) will converge to a finite steady-
state covariance denoted Pξn,ss given by the solution to the
discrete-time matrix Lyapunov equation

Pξn,ss = Fξn Pξn,ssF
T
ξn

+ Qξn . (17)

Subsequently, the steady-state variance of the clock devia-
tion is given by

σ 2
εn

= hT
εn

Pξn,sshεn . (18)

F. Statistics of the Residuals

In this section, the resulting residuals wε are studied. To
this end, the autocorrelation function (acf) and the proba-
bility density function (pdf) of the residuals are computed
for the three realizations of εn shown in Fig. 4. Note that
half of the data was used for system identification and the
other half was used to validate the model. The acf and pdf
of the residuals obtained with the second half of the data are
plotted in Fig. 5(a)–(c). A Gaussian pdf fit (red) was also
plotted. It can be seen that {wεn}3

n=1 are zero-mean white
Gaussian sequences, with variances {σ 2

wεn
}3

n=1.

Fig. 5. (a), (b), and (c) show the acfs and pdfs of wε1 , wε2 , and wε3 ,
respectively. The acfs show that the sequences {wεn }3

n=1 are
approximately white and the pdfs show that the sequences are Gaussian.

G. Clustering of the Clock Biases

It was mentioned in Section III-D that an exhaustive
search may be performed to cluster the clock biases cδtn
in order to minimize the position estimation error. This
amounts to finding the matrix � that minimizes

Jp(�) �
k0∑

k=1

‖δrr (k)‖2
2 =

k0∑
k=1

∥∥∥∥
[
GT

(
I−�

(
�T�

)−1
�T

)
G

]−1
GT

(
I−�

(
�T�

)−1
�T

)
ε(k)

∥∥∥∥
2

2

=
k0∑

k=1

∥∥∥(
GT�G

)−1
GT�ε(k)

∥∥∥2

2
(19)

where � and � are defined in (8) and (33), respectively. This
optimization problem is nonconvex and intractable. Instead
of optimizing Jp(�), a tractable rule-of-thumb is provided
next. First, consider the modified cost function

J (�) �
∥∥∥(

GT�G
)−1

GT�ε(k0)
∥∥∥2

2

=
∥∥∥(

GT� �G
)−1

GT��ε(k0)
∥∥∥2

2

≤
∥∥∥(

GT
�G�

)−1
GT
�

∥∥∥2

2
‖�ε(k0)‖2

2 (20)

where G� � �G. Using the fact that the square of the two-
norm of some real matrix A is the maximum eigenvalue of
AAT [82, p. 266 and 341], denoted by λmax(AAT), one can
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show that ∥∥∥(
GT
�G�

)−1
GT
�

∥∥∥2

2
= λmax

(
Prr

)
(21)

where Prr � (GT
�G� )−1 is the estimation error covariance

associated with the receiver’s position. Consequently, the
cost J (�) may be bounded by

J (�) ≤ λmax
(
Prr

) ‖�ε(k0)‖2
2 . (22)

Next, two theorems are presented that will help derive the
rule-of-thumb for clustering the clock biases.

THEOREM III.2 Assume a clock bias clustering with L <
N − 2 clusters and denote JL � ‖�ε(k)‖2

2. Then, there ex-
ists a clustering with L + 1 clusters such that JL ≥ JL+1.

PROOF See in Appendix B.

From Theorem III.2, it can be implied that ‖�ε(k)‖2
2 is

minimized when L = N − 2, i.e., the maximum number of
clusters is used. This also implies that using more SOP clus-
ters will decrease ‖�ε(k0)‖2

2 in the upper bound expression
of J (�) given in (22).

THEOREM III.3 Consider N ≥ 3 carrier phase measure-
ments for estimating the receiver’s position rr and a cluster-
ing of L clock states cδt . Adding a carrier phase measure-
ment from an additional cellular SOP while augmenting the
clock state vector cδt by its corresponding additional clock
state will neither change the position error nor the position
error uncertainty.

PROOF: See in Appendix C.

From Theorem III.3, it can be implied that it is required
that Nl ≥ 2 in order for cluster l to contribute in estimating
the position state; hence, reducing λmax(Prr ).

Theorems III.2 and III.1 pose a tradeoff on L. On the
one hand, Theorem III.2 states that increasing L decreases
‖�ε(k)‖2

2. On the other hand, Theorem III.1 states that L
must be decreased to decrease λmax(Prr ). Consequently, a
good rule of thumb is to have at least one cluster with Nl ≥ 3
(to ensure observability) and Nl ≥ 2 for the remaining clus-
ters. Combined with (6), this implies that L should satisfy

L ≤ Lmax � N − 3

2
+ 1 (23)

which significantly reduces the number of possible clusters
in the exhaustive search algorithm, which is summarized in
Algorithm 1. The algorithm produces the matrix �, which
is then used to solve the WNLS. It is important to note
that the tradeoff on L is similar to the tradeoff between
accuracy and precision discussed in [82], to which the reader
is referred for more mathematical details. While clustering
is performed, the UAV navigates using its known position.

IV. EXPERIMENTAL RESULTS

This section presents results from three experi-
ments conducted in different environments at different
times demonstrating submeter-level UAV navigation in

Algorithm 1: Clock bias clustering algorithm.

1: input: {{zn(k)}k0
k=1, rsn}N

n=1, {rr (k)}k0
k=0.

2: output: L,�, {cδ̂tl}L
l=1.

3: procedure Cluster{cδ̄tn}N
n=1

4: Compute the maximum number of clusters
Lmax from (23)

5: Perform clustering when GPS is available.
6: if GPS available then
7: for L = 1 to Lmax do
8: Find all possible combinations of L

clusters.
9: Evaluate (19) for each combination of

clusters.
10: Save the combination of clusters that

minimizes (19)
11: Select the clustering that minimizes (19)

over all values of L.
12: Form the N × L matrix � according to the

clustering: the nth row of � is all zeros
with a 1 in the lth column, where l is the
index of the cluster in which εn belongs.

multipath-free environments using the framework devel-
oped in this article. As mentioned in Section II, only
the 2-D position of the UAV is estimated as its altitude
may be obtained using other sensors (e.g., altimeter). The
UAV’s position is estimated in the horizontal plane of an
East-North-Up (ENU) frame centered at the average of the
BTS positions. In the following experiments, the altitude
of the UAV was obtained from its on-board navigation
system. Alternatively, the UAV’s altitude may be obtained
from a barometric altimeter. Moreover, the noise equivalent
bandwidths of the receivers’ PLLs were set to BPLL = 3 Hz
in all experiments. The experiment setups and results are
discussed next.

A. Experiment 1

In the first experiment, an Autel Robotics X-Star Pre-
mium UAV was equipped with an Ettus E312 universal soft-
ware radio peripheral (USRP), a consumer-grade 800/1900
MHz cellular antenna, and a small consumer-grade GPS an-
tenna to discipline the on-board oscillator. The receiver was
tuned to a 882.75 MHz carrier frequency (i.e., λ = 33.96
cm), which is a cellular CDMA channel allocated for the
U.S. cellular provider Verizon Wireless. Samples of the
received signals were stored for offline postprocessing. The
cellular carrier phase measurements were given at a rate
of 37.5 Hz, i.e., T = 0.0267 s. The ground-truth reference
for the UAV trajectory was taken from its on-board in-
tegrated navigation system, which uses GPS, an inertial
measurement unit (IMU), and other sensors. The UAV
traversed a trajectory of 1.72 km, which was completed
in 3 min with a trajectory radius of 270 m. The trajec-
tory radius is defined as the distance between the center
of the trajectory and the furthest point on the trajectory.
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Fig. 6. Channel impulse response measured using the autocorrelation
function of the CDMA shortcode for all 9 BTSs over 180 s in the

environment near Riverside, California, USA.

Fig. 7. Entire CDMA shortcode correlation showing multiple peaks
pertaining to the different BTSs in the environment.

Fig. 8. Panorama of the environment from the UAV’s vantage point for
the environment near Riverside, California, USA.

Over the course of the experiment, which took place in
an open semiurban environment with multipath-free LOS
conditions near Riverside, California, USA, the receiver
was listening to 9 CDMA BTSs whose 3-D positions were
mapped prior to the experiment according to the framework
in [56] and refined using Google Earth. A panorama of
the environment from the UAV’s vantage point is shown
in Fig. 8, and the channel impulse response measured using
the autocorrelation function of the CDMA shortcode for
all 9 BTSs over 180 s is shown in Fig. 6. The curves in
Fig. 6 demonstrate a dominant LOS component and nearly
multipath-free conditions. Similar channels were observed
for the second and third experiments. The entire correlation
of the CDMA2000 shortcode is shown in Fig. 7. A plot of

Fig. 9. (a) Carrier-to-noise ratios {C/N0n }9
n=1 of all the cellular BTSs

measured by the UAV in the CD-cellular experiment. (b) Measured and
calculated delta ranges to all the cellular BTSs from the UAV in the
CD-cellular experiment. Similarly, the base’s measured delta ranges

closely matched the calculated delta ranges.

the carrier-to-noise ratios of all the BTSs measured by the
UAV and the time history of the delta ranges (deviation from
the initial range) are given in Fig. 9(a) and (b), respectively.

The UAV had access to GPS for 10 s, then GPS
was cut off. During the time where GPS was avail-
able, the cellular signals were used to cluster the cel-
lular SOPs, as described in Section III-G. The BTS
clock biases obtained from ground-truth are shown in
Fig. 10(a) for all nine BTSs. While Fig. 10(a) shows
{c ¯δtn(k)}9

n=1 for the entire trajectory, only the first 10
s were used for clustering. The optimal clustering was
found to be C1 = {BTS 1 , BTS 5, BTS 7, BTS 8}, C2 =
{BTS 2, BTS 3, BTS 6 }, and C3 = {BTS 4, BTS 9}. The
resulting clock deviations {εn}9

n=1 and the cluster clock
biases {cδtl}3

l=1 are shown in Fig. 10(b) and (c), respectively.
Note that {εn}9

n=1 appear to be diverging, similarly to the
behavior in Fig. 4(b). However, it is found next that these
processes are stable.

Then, the state-space models of {εn}9
n=1 were identi-

fied according to Section III-E for p = q = 6 using MAT-
LAB’s System Identification Toolbox. Appendix D shows
the ARMA coefficients as well as the resulting {σwεn

}9
n=1.

Fig. 11 shows the residuals between {εn}9
n=1 and the identi-

fied models, which were found to be white sequences. The
steady-state values of {σεn}9

n=1 were calculated from (18)
and used in the WNLS.

Next, the time evolution of {σ 2
εn
}9

n=1 and their steady-
state values were computed according to Section III-E.
Fig. 12 shows the time evolution of {σεn}9

n=1. The time
axis was extended longer than the experiment duration to
show the convergence of {σεn}9

n=1, indicating that {εn}9
n=1

are stable processes.
Subsequently, the position of the UAV and the clusters’s

clock biases were estimated according to Section III-C. The
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Fig. 10. (a) BTS Clock biases in Experiment 1 obtained from
ground-truth. (b) Deviations of the BTS clock biases after clustering.
Note that the legend of (b) is the same as (a). (c) BTS clusters’ clock

biases. Clustering was performed in the first 10 seconds while GPS was
available.

Fig. 11. Residuals of the clock deviation ARMA models for all the nine
BTSs in Experiment 1 obtained using MATLAB’s System Identification
Toolbox for p = q = 6. A correlation analysis shows that the residuals

are white.

horizontal position RMSE was calculated to be 36.61 cm.
The carrier phase measurements were used to estimate the
navigating UAV’s trajectory via the framework developed
in Section III. The experimental setup, the cellular BTS
layout, and the true trajectory (from the UAV’s on-board in-
tegrated navigation system) and estimated trajectory (from
the proposed framework) of the navigating UAV are shown
in Fig. 13, the x- and y- errors over the entire trajectory are

Fig. 12. Time evolution of {σεn }9
n=1 calculated according to

Section III-E. The time axis was extended longer than the experiment
duration to show the convergence of {σεn }9

n=1, indicating that {εn}9
n=1 are

stable processes.

Fig. 13. Experiment 1 setup, BTS layout, and navigation solution
demonstrating a single UAV navigating with precise cellular carrier

phase measurements. The true and estimated trajectories are shown in
solid and dashed lines, respectively. Map data: Google Earth.

Fig. 14. Experiment 1 x- and y-errors over the entire trajectory as well
as the ±1m bounds showing that the position errors remain below 1

meter throughout the experiment.

shown in Fig. 14, and the estimated cluster clock biases are
shown in Fig. 15.

Next, the frequency of clock bias clustering is consid-
ered. That is, it is assumed that the UAV regains knowledge
of its position for a short period of time throughout the
experiment either through the CD-cellular framework (e.g.,
flying in the vicinity of a base) or via GPS. During these
short periods, the UAV updates the clock bias clusters. To
this end, the frequency at which the UAV performs cluster-
ing was varied from 1 to 2, and then to 4 times during the
experiment. The clustering events were uniformly spaced
in time. Every time the UAV regains of its position, the
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Fig. 15. Estimated cluster clock biases for the first experiment. The
estimated biases match closely the cluster biases shown in Fig. 10(c).

Fig. 16. Optimal BTS clusters for each interval in Experiment 1.

latter is made available for 10 s to perform clustering and is
cut off again. The position RMSEs were found to be 36.61,
45.11, and 18.1 cm for clustering frequencies of 1, 2, and
4, respectively. The optimal clusters for each interval of
the trajectory are shown in Fig. 16. Note that new initial
clock bias estimates are produced every time clustering is
performed.

B. Experiment 2

In the second experiment, a DJI Matrice 600 was
equipped with the same hardware described in Section IV-A
and the on-board USRP was tuned to the same carrier
frequency. The cellular carrier phase measurements were
also given at a rate of 37.5 Hz, i.e., T = 0.0267 s. The
ground-truth reference for the UAV trajectory was taken
from its on-board navigation system, which also uses GPS,
an IMU, and other sensors. The experimental setup and SOP
BTS layout for the second experiment are shown in Fig. 17.
The ground-truth reference for the UAV trajectory was taken
from its on-board integrated navigation system, which also
uses GPS, IMU, and other sensors. The UAV traversed a
trajectory of 3.07 km completed in 325 s with a trajectory
radius of 320 m. The receiver was listening to the seven
CDMA BTSs shown in Fig. 17. The UAV remained in the
same BTS sectors throughout the experiments. A plot of the
carrier-to-noise ratios of all the BTSs and the time history of
the delta ranges are given in Fig. 19(a) and (b), respectively.
The same steps as in Experiment 1 were taken to cluster the
BTS clock biases and characterize the clock deviation statis-
tics. The optimal clustering for a one-time clustering was
found to beC1 = {BTS 1, BTS 2, BTS 3, BTS 4, BTS 6}
and C2 = {BTS 5, BTS 7}. The position RMSE was calcu-
lated to be 88.58 cm. The navigation results are shown in
Fig. 17 and the x- and y- errors are shown in Fig. 18.

A similar study as in Experiment 1 is perform to charac-
terize the RMSE under varying clustering frequencies. The
same approach was taken as in the previous experiment. The
position RMSEs were found to be 88.58, 84.17, and 83.07
cm for clustering frequencies of 1, 2, and 4, respectively.

Fig. 17. Experiment 2 setup, BTS layout, and navigation solution
demonstrating a single UAV navigating with precise cellular carrier

phase measurements. The true and estimated trajectories are shown in
solid and dashed lines, respectively. Map data: Google Earth.

Fig. 18. Experiment 2 x- and y-errors over the entire trajectory as well
as the ±1m bounds showing that the position errors remain below 1

meter most of the time.

Fig. 19. (a) Carrier-to-noise ratios {C/N0n }7
n=1 of all the cellular BTSs

measured by the single UAV in Experiment 2. (b) Measured and
calculated delta ranges to all the cellular BTSs from the single UAV.
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Fig. 20. Optimal BTS clusters for each interval in Experiment 2.

Fig. 21. Panorama of the environment from the UAV’s vantage point
for the environment in Aliso Viejo, California, USA.

The optimal clusters for each interval of the trajectory are
shown in Fig. 20.

C. Experiment 3

In the third experiment, the Matrice UAV was equipped
with 1) a four-channel National Instrument (NI) USRP-
2955 to sample LTE signals at four different carrier fre-
quencies; 2) four consumer-grade 800/1900 MHz cellular
antennas; 3) a small consumer-grade GPS antenna to disci-
pline the on-board oscillator; and 4) a dual antenna, multi-
frequency Septentrio AsteRx-i V GNSS-inertial navigation
system (INS) with RTK capabilities to provide ground-
truth of the UAV’s position and attitude. The four receiver
channels were tuned to 1955 MHz (λ = 15.33 cm), 2145
MHz (λ = 13.98 cm), 2125 MHz (λ = 14.11 cm), and 739
MHz (λ = 40.57 cm), which are all LTE frequencies and
allocated to the U.S. cellular operators AT&T, T-Mobile,
and Verizon. Over the course of the experiment, which took
place in an open semiurban environment with multipath-
free LOS conditions near Aliso Viejo, California, USA, the
receivers were listening to 11 LTE BTSs, also known as
eNBs, whose 3-D positions were also mapped prior to the
experiment according to the framework in [56] and refined
using Google Earth. A panorama of the environment from
the UAV’s vantage point is shown in Fig. 21 .

In this experiment, the cellular carrier phase
measurements were given at a rate of 1 Hz, i.e., T = 1
s. The UAV traversed a trajectory of 609 m completed
in 175 s with a trajectory radius of 68 m and remained
in the same eNB sectors throughout the experiment.
A plot of the carrier-to-noise ratios of all the eNBs
and the time history of the delta ranges are given in
Fig. 24(a) and (b), respectively. The same steps as in
Experiment 1 were taken to cluster the eNB clock biases
and characterize the clock deviation statistics. The optimal
clustering for a one-time clustering was found to be
C1 = {eNB 2, eNB 8, eNB 9, eNB 10, eNB 11} and

Fig. 22. Experiment 3 setup, eNB layout, and navigation solution
demonstrating a single UAV navigating with precise cellular carrier

phase measurements. The true and estimated trajectories are shown in
solid and dashed lines, respectively. Map data: Google Earth.

Fig. 23. Experiment 3 x- and y-errors over the entire trajectory as well
as the ±1m bounds showing that the position errors remain below 1

meter most of the time.

Fig. 24. Measured and calculated delta ranges to all the cellular eNBs
from the single UAV in Experiment 3.

C2 = {eNB 1, eNB 3, eNB 4, eNB 5, eNB 6, eNB 7}.
The position RMSE was calculated to be 89.33 cm. The
navigation results are shown in Fig. 22 and the x- and y-
errors are shown in Fig. 23.

A similar study as in Experiments 1 and 2 is performed
to characterize the RMSE under varying clustering fre-
quencies. The same approach was taken as in the previous
experiments. The position RMSEs were found to be 89.33,
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Fig. 25. Optimal eNB clusters for each interval in Experiment 3.

TABLE I
Lowest Position RMSEs for the Three Experiments

TABLE II
Position RMSEs of the Three Experiments for Different

Clustering Frequencies

TABLE III
Comparison of Position RMSEs for the Exploited Levels of

Synchronization

81.07, and 80.96 cm for clustering frequencies of 1, 2, and
4, respectively. The optimal clusters for each interval of the
trajectory are shown in Fig. 25.

The lowest achieved position RMSE for each experi-
ment are tabulated in Table I and the RMSEs for different
clustering frequencies are summarized in Table II, which
shows that in general, updating the clustering yields better
performance than fixing the clusters once at the beginning.
The increase in RMSE in Experiment 1 between clustering
frequencies of 1 and 2 can be attributed to the diverging
short-term behavior of εn, as discussed above.

REMARK The proposed method assumes a certain level of
synchronization between BTSs, referred to as loose syn-
chronization. If this synchronization is completely absent
or unexploited using the proposed framework, the method
in [79], which addresses asynchronous networks, could
be used instead. However, this will come at the cost of
larger position errors. For example, the position RMSE of
experiment 1 will increase from 36.6 cm to 2.94 m, the
position RMSE of experiment 2 will increase from 88.58
cm to 5.99 m [79], and the position RMSE of experiment
3 will increase from 89.53 cm to 1.96 m. These results are
summarized in Table III. As such, in the case of the three ex-
periments presented herein, submeter-level position RMSE
is achieved by exploiting loose network synchronization
using the proposed method in a multipath-free environment
with LOS conditions. The RMSEs are calculated relative to
a GPS-IMU solution in the case of Experiments 1 and 2,

and relative to an GNSS-IMU RTK system in the case of
Experiment 3.

D. Discussion

The following are key takeaways and remarks from the
experimental results presented above. First, it is important to
note that the RMSEs for the first two experiments were cal-
culated with respect to the trajectory returned by the UAVs’
on-board navigation system. Although these systems use
multiple sensors for navigation, they are not equipped with
high precision GPS receivers, e.g., RTK systems. Therefore,
some errors are expected in what is considered to be “true”
trajectories taken from the on-board sensors. The hovering
horizontal precision of the UAVs are reported to be 2 m for
the X-Star Premium by Autel Robotics and 1.5 m for the
Matrice 600 by DJI. In contrast, the ground-truth system for
the third non-differential single-UAV experimental results
uses RTK and is rated at 0.6 cm horizontal precision by
Septentrio. Moreover, some errors may be due to uncer-
tainties in the BTS positions, which were obtained from
Google Earth imagery. While the accuracy of Google Earth
is not officially known, studies show that it is below 20 cm
in the areas of interest [83].

Second, the reported RMSEs are for optimal clustering.
In the 10 s during which GPS was available, a search was
performed to optimally cluster the clock biases using the
rule-of-thumb discussed in Section III-G. The search took
less than 3 s in each case. The RMSEs without clustering
(only one bias is estimated) are 48 cm, 97 cm, and 1.78
m for the first, second, and third single-UAV experiments,
respectively. As such, optimal clustering following the anal-
ysis proposed in Section III resulted in approximately 24%,
9%, 48% reductions in the position RMSEs, respectively,
over not clustering at all.

Third, the experiments showed that reliable navigation
with cellular signals is possible when the proper models
are used in an open semiurban environment. Some of the
experiments went over 5 min, indicating that the UAV could
rely exclusively on cellular carrier phase measurements
for sustained meter-level accurate navigation. Note that
the proposed frameworks does not account for unmodeled
errors such as multipath or signal blockage. Such errors
could be partially mitigated at the receiver level [37]. It is
expected for the performance to degrade in the presence of
such errors.

Fourth, throughout the experiments, the UAV remained
within the same BTS or eNB sectors. BTSs and eNBs
typically transmit in three different sectors, each of which
covering 120◦. When crossing between sectors, the receiver
would need to perform a “handover,” which involves
acquiring and tracking the signal from the new sector [44].
If the BTS sectors are not completely synchronized, the
handover may introduce meter-level errors to the BTSs’
clock bias model. One way to reduce the effect of the errors
introduced by crossing BTS sectors is to use the approach
proposed in [24].
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Fifth, it was assumed that the UAVs had short access to
GPS to perform clustering and initialize proposed frame-
work. Alternatively, if a base receiver is continuously or
intermittently present throughout the navigation period, the
UAV could leverage the cellular-based differential frame-
work proposed in [51] to perform clustering periodically.
This would completely eliminate the dependency on GPS.
Moreover, it was shown in [57] that under real GPS jam-
ming conditions, cellular BTSs maintain the same level
of synchronization for at least 90 min, and that a cellular
SOP receiver can navigate for 5 km in the presence of
jamming. This implies that the navigation performance of
the proposed framework will not suffer under GPS jamming
for a significant period of time.

Sixth, Fig. 12 shows that the clock deviations are sta-
ble processes with bounded standard deviations. However,
Table II shows that, in general, keeping the same clustering
performs worse than updating the clustering when GPS is
available. This is due the fact that some of the εn processes,
while stable, reach stationarity at a much slower rate than the
rate at which positioning is performed. Therefore, optimal
clusters may change in the short-term. In the long-term, if
clustering is performed only once, the steady-state values
of σεn will determine the accuracy of the position solution.
According to Fig. 12, σεn < 5 m, which is equivalent to GPS
pseudorange precision. It is also worth mentioning that the
ubiquity of cellular SOPs offers a low horizontal dilution
of precision (HDOP). In fact, the HDOP remained below
unity in all experiments. The low HDOP further reduces the
effect of a large σεn .

Seventh, the UAV-mounted receiver’s clock bias is ac-
counted for as part of the common clock bias terms. As such,
the magnitude of the receiver’s clock bias should not affect
the position estimate. It has been proven in [24] [c.f. (30)]
that the position error is independent of common errors,
which is the receiver’s clock bias in this case. This implies
that the quality of the receiver’s clock should not affect
the navigation performance, as long as the receiver can
maintain track of the signals. As an example, the USRPs
used in Experiments 1 and 2 are equipped with GPS-
disciplined TCXOs, whereas the one used in Experiment
3 was equipped with a GPS-disciplined OCXO; yet, the
navigation performances were comparable.

Eighth, in order to assess the effect of altimeter errors
on the 2-D navigation solution, a zero-mean, Gaussian
measurement noise error was simulated in�zr,sn with a 100
m2 variance. The 2-D position RMSEs for experiments 1,
2, and 3 in the presence of altimeter errors were 38.3 cm
(increase of 1.7 cm), 1.03 m (increase of 14.4 cm), and 94.6
cm (increase of 4.3 cm), respectively. The degradation in the
2-D navigation solution is up to two orders of magnitudes
less than the altimeter errors.

Ninth, the reclustering idea is related to intermittent
self-calibration of clocks using ground-based SOPs [84].
The main difference, however, lies in the fact the proposed
method keeps estimating clock biases after reclustering,
albeit a subset of the clock biases. The subset of clock
biases is selected via the clustering algorithm. This ensures a
robust navigation solution against unexpected time varying

behaviors of clock biases while minimizing the number of
estimated parameters to reduce the DOP. Moreover, this
article assumed periodic reclustering; however, recluster-
ing could be performed whenever the UAV regains access
to GPS or following some metric defined by the desired
application.

V. CONCLUSION

This article presented a framework for UAV navigation
with cellular carrier phase measurements where submeter
accuracy is achievable under multipath-free LOS conditions
and the UAV not crossing BTS sectors. The proposed frame-
work leverages the relative stability of cellular BTSs clocks,
referred to as loose network synchronization. This stability
also allows to parameterize the SOP clock biases by a
common term plus some small deviations from the common
term. The clock deviations were subsequently modeled as
a stochastic sequence and the model is validated through
extensive experimental data. Analysis of these deviations
revealed that they can be clustered to minimize the resulting
position error. Next, a rule-of-thumb for clustering the clock
deviations was established to significantly reduce the com-
plexity of the clustering step. To demonstrate the efficacy
of the developed framework, three UAV flight experiments
in Southern California, USA, were presented. The three
experiments took place in open, semiurban environments
with nearly multipath-free LOS conditions, in which the
UAV traveled 1.72, 3.07, and 0.61 km, achieving subme-
ter horizontal position RMSEs of 36.61, 88.58, and 89.33
cm, respectively, relative to the UAV’s on-board navigation
solution.

APPENDIX A
PROOF OF THEOREM III.1

This appendix provides the proof of Theorem III.1 stat-
ing that the position error at any time instant δrr (k) due to
relative clock deviations is independent of cδtl .

PROOF Denote the measurement noise covariance of η �
[η1 . . . , ηn]T as Rη. It is assumed that the WNLS had
converged very closely to the true state in the absence of
clock deviations. The clock deviations are then suddenly
introduced into the measurements, which will induce an
incremental change in the receiver state estimate given by

δx(k) = − (
HTR−1

η H
)−1

HTR−1
η ε(k)

= − (
H̄TH̄

)−1
H̄Tε̄(k) (24)

where

H̄ � R
− 1

2
η H, ε̄(k) � R

− 1
2

η ε(k) (25)

and ε � [ε1, . . . , εN ]T. The matrix product H̄Tε̄(k) can be
further expressed as

H̄Tε̄(k) =
[

ḠT

�̄T

]
ε̄(k) =

[
ḠTε̄(k)
�̄Tε̄(k)

]
(26)

where

Ḡ � R
− 1

2
η G, �̄ � R

− 1
2

η �. (27)
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Next, (H̄TH̄)−1 is expressed as

(
H̄TH̄

)−1 =
[

ḠTḠ ḠT�̄

�̄TḠ �̄T�̄

]−1

�
[

A B
BT D

]
(28)

where A is a 2 × 2 symmetric matrix, B is a 2 × L matrix,
and D is an L × L symmetric matrix. The estimation error
becomes

δx(k)=
[
δrr (k)
δ (cδt (k))

]
=−

[(
AḠT + B�̄T

)
ε̄(k)(

BTḠT + D�̄T
)
ε̄(k)

]
. (29)

Using the matrix block inversion lemma, the following may
be obtained:

A = (
ḠT�̄Ḡ

)−1

B = − (
ḠT�̄Ḡ

)−1
ḠT�̄

(
�̄T�̄

)−1

D = (
�̄T�̄

)−1
[
I + �̄TḠ

(
ḠT�̄Ḡ

)−1
ḠT�̄

(
�̄T�̄

)−1
]

(30)

where �̄ � I − �̄(�̄T�̄)−1�̄T. This yields the position error
given by

δrr (k) = − (
ḠT�̄Ḡ

)−1
ḠT�̄ε̄(k). (31)

When Rη = σ 2I, the above simplifies to

δrr (k) = − (
GT�G

)−1
GT�ε(k)

(32)

ε(k) � [ε1(k), . . . , εN (k)]T , � � I − �
(
�T�

)−1
�T.

(33)

Note that � is the annihilator matrix of � and satisfies �� =
�. It can be readily shown that

� = diag

[
IN1 − 1

N1
1N1 1N1

T, . . . , INL − 1

NL
1NL 1NL

T

]
.

(34)
Consequently, (32) implies that the effect on the position
error δrr comes from the vector

ε̃(k) � �ε(k) = −
⎡
⎣ ε1(k) − μ1(k)1N1

...
εL(k) − μL(k)1NL

⎤
⎦ (35)

where ε(k) = [εT
1 (k), . . . , εT

L (k)]T, εl (k) = [εl1, . . . , εlNl
]T,

and μl (k) � 1
Nl

∑Nl
i=1 εli (k). Noting that εn(k) =

cδtl (n)(k) − cδ̄t n(k), the following holds:

ε̃n(k)= 1

Nl

Nl∑
i=1

[
cδtl (n)(k)−cδ̄t li (k)

]−[
cδtl (n)(k)−cδ̄t n(k)

]

= cδ̄t n(k) − 1

Nl

Nl∑
i=1

cδ̄t li (k) (36)

which is independent of cδtl (k). �

APPENDIX B
PROOF OF THEOREM III.2

This appendix provides the proof of Theorem III.2,
which states that given a clock bias clustering with L <
N − 2 clusters and JL � ‖�ε(k)‖2

2; then, there exists a
clustering with L + 1 clusters such that JL ≥ JL+1.

PROOF: First, note that JL may be expressed as

JL = ‖�ε(k)‖2
2 =

∥∥∥∥∥∥
⎡
⎣

ε1(k) − μ1(k)1N1
...

εL(k) − μL(k)1NL

⎤
⎦

∥∥∥∥∥∥
2

2

=
L∑

l=1

∥∥εl − μl (k)1Nl

∥∥2

2
=

L∑
l=1

Nl∑
j=1

[
εl j (k) − μl (k)

]2

=
L−1∑
l=1

Nl∑
j=1

[
εl j (k) − μl (k)

]2 +
NL∑
j=1

[
εL j (k) − μl (k)

]2

= a +
NL∑
j=1

(εL j (k) − μL(k))2 (37)

where a �
∑L−1

l=1

∑Nl
j=1[εl j (k) − μl (k)]2. In what follows,

the time argument k will be dropped for simplicity of
notation. Now, add an additional cluster by partitioning εL

according to εL = [ε′T
L, εL+1]T and define

JL+1 = a +
NL−1∑
j=1

(
εL j − μ′

L

)2 + (
εL+1 − μL+1

)2
(38)

where μ′
L � 1

NL−1

∑NL−1
j=1 εL j and μL+1 = εL+1. Subse-

quently, JL+1 may be expressed as

JL+1 = a +
NL−1∑
j=1

(εL j − μL )2. (39)

The second term in JL may be expressed as

NL∑
j=1

(εL j − μL )2 =
NL∑
j=1

ε2
L j

− NLμ
2
L

=
NL−1∑
j=1

ε2
L j

− NLμ
2
L + ε2

LNL
. (40)

The term NLμ
2
L may be expressed as

NLμ
2
L = NL

⎛
⎝ 1

NL

NL∑
j=1

εL j

⎞
⎠

2

= 1

NL

⎛
⎝NL−1∑

j=1

εL j + εLNL

⎞
⎠

2

= 1

NL

[
(NL − 1)μ′

L + εLNL

]2

= (NL − 1)2 μ′2
L

NL
+ 2(NL − 1)μ′

LεLNL

NL
+
ε2

LNL

NL

= (NL − 1)μ′2
L − (NL − 1)μ′2

L

NL

+ 2(NL − 1)μ′
LεL,NL

NL
+
ε2

LNL

NL
+ ε2

LNL
− ε2

LNL

= (NL − 1)μ′2
L − (NL − 1)

NL
(εLNL

− μ′
L )2 + ε2

LNL
. (41)
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Substituting back in the second term of JL yields

NL∑
j=1

(εL j − μL )2

=
NL−1∑
j=1

(εL j − μ′
L )2 + (NL − 1)

NL
(εLNL

− μ′
L )2. (42)

Substituting back in JL yields

JL = a +
NL−1∑
j=1

(εL j − μ′
L )2 + (NL − 1)

NL
(εLNL

− μ′
L )2

= JL+1 + (NL − 1)

NL
(εLNL

− μ′
L )2. (43)

Since (NL−1)
NL

(εLNL
− μ′

L )2 ≥ 0, then JL ≥ JL+1. �

APPENDIX C
PROOF OF THEOREM III.3

This appendix provides the proof of Theorem III.3
stating that adding a carrier phase measurement from an
additional cellular SOP while augmenting the clock state
vector cδt by its corresponding additional clock state will
neither change the position error nor the position error
uncertainty.

PROOF: The augmented Jacobian matrix is given by

H′ =
[

G � 0
gT 0T 1

]
(44)

where g � r̂r−rsN+1√
‖r̂r−rsN+1 ‖2

2+�z2
r,sN+1

. The new information matrix

is subsequently given by

H′TH′ =
⎡
⎣GTG + ggT GT� g

�TG �T� 0
gT 0T 1

⎤
⎦=

[
M11 m12

mT
12 1

]
(45)

where

M11 �
[

GTG + ggT GT�

�TG �T�

]
,m12 �

[
g
0

]
.

The new covariance is given by

P′ =
(

H′TH′
)−1

=
[

A′ b′

b′T d ′

]
(46)

where

A′ = (
M11 − m12mT

12

)−1

b′ = − (
M11 − m12mT

12

)−1
m12

d ′ = 1 + mT
12

(
M11 − m12mT

12

)−1
m12.

The matrix A′ may be expressed as

A′ =
([

GTG + ggT GT�

�TG �T�

]
−

[
ggT 0
0T 0

])−1

=
[

GTG GT�

�TG �T�

]−1

= P (47)

which indicates that the new uncertainty in the position state
is unchanged. The new covariance can be expressed as

P′=
[

P −Pm12

−mT
12P 1 + mT

12Pm12

]
=

⎡
⎣P′

11 P′
12 P′

13

P′T
12 P′

22 P′
23

P′T
13 P′T

23 P′
33

⎤
⎦ (48)

where

P′
11 = (

GT�G
)−1

P′
12 = − (

GT�G
)−1

GT�
(
�T�

)−1

P′
13 = − (

GT�G
)−1

g

P′
22 = (

�T�
)−1

�T
[
I + G

(
GT�G

)−1
GT

]
�

(
�T�

)−1

P′
23 = (

�T�
)−1

�TG
(
GT�G

)−1
g

P′
33 = 1 + gT (

GT�G
)−1

g.

The new estimation error is given by

δr′
r (k) = −P′H′Tε′(k) (49)

where ε′(k) � [εT(k), εN+1(k)]T and εN+1(k) is the error
from the (N + 1)st measurement. Using the expressions of
P′, H′, and ε′, it can be readily shown that

δr′
r (k) = − (

GT�G
)−1

GT�ε(k) = δrr (k). (50)

Therefore, the addition of a measurement while augmenting
the clock state vector by one state will not improve the
position estimate nor the position error uncertainty. �

APPENDIX D

Table of ARMA Coefficients for Experiment 1
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