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Observability Analysis of Receiver Localization
via Pseudorange Measurements From

a Single LEO Satellite
Ralph Sabbagh , Student Member, IEEE , and Zaher M. Kassas , Senior Member, IEEE

Abstract—This letter presents an observability analysis
for terrestrial receiver localization via pseudorange mea-
surements extracted from a single low Earth orbit (LEO)
satellite. It is shown that a stationary receiver with an
unknown state (position and time) can theoretically local-
ize itself with a LEO satellite with a known state (position,
velocity, and time). In addition, bounds on the determinant
of the l-step observability matrix are derived and geo-
metric interpretations are presented indicating directions
of poor observability. The implications of the analysis on
observability-aided LEO satellite selection are discussed.
Experimental results are presented showcasing the conclu-
sions of the observability analysis for a receiver localizing
itself with a single Starlink satellite or a single Orbcomm
satellite.

Index Terms—Observability analysis, satellite selection,
low Earth orbit, Starlink, Orbcomm.

I. INTRODUCTION

THE ADVENT of low Earth orbit (LEO) satellite mega-
constellations promises to revolutionize several domains,

bringing unprecedented high-resolution images; remote sens-
ing; and global, high-availability, high-bandwidth, and low-
latency Internet [1]. Due to LEO satellites’ inherently desirable
attributes, namely: (i) geometric and spectral diversity, (ii)
abundance, (iii) high received signal power, and (iv) high
orbital velocity, LEO satellites offer an attractive alternative
to global navigation satellite systems (GNSS), which reside in
medium Earth orbit (MEO) [2], [3].

The promise of utilizing LEO satellites for navigation
has been the subject of recent theoretical and experimental
studies [4], [5]. In [6], a generalized geometric dilution of
precision (GDOP) analysis was presented that used Doppler
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shifts extracted from eight or more LEO satellites to localize
a receiver via a static estimator. In [7], an adaptive Kalman
filter was developed, achieving the first carrier phase tracking
and positioning results using six Starlink LEO satellites.

LEO satellites orbit the Earth at much higher rates than
GNSS satellites. Contrast, for example, the orbital period of a
GPS MEO satellite (11 hr, 58 min) with that of Orbcomm LEO
satellites (about 99 min) and Starlink LEO satellites (about 96
min). This yields significant change in their geometry, which
can be exploited to localize a terrestrial receiver with fewer
satellites. In particular, while four GNSS satellites are needed
to estimate the states of the receiver via a static estimator
(e.g., nonlinear least squares), a single LEO satellite can be
used to localize the receiver via a dynamic estimator (e.g.,
an extended Kalman filter (EKF)) by fusing consecutive LEO
measurements taken over a relatively short period of time. A
few studies demonstrating the impact of receiver localization
using a small number of satellites have been conducted in the
literature. In [8], pseudorange and Doppler measurements were
combined for stationary receiver positioning using two and
three satellites without the use of a base station or differential
positioning techniques.

Observability analysis with LEO satellites has been studied
in the context of space situational awareness with relative posi-
tion measurements [9] and orbit determination with angles-
only measurements [10]. Moreover, observability of planar
environments comprising terrestrial transmitters with unknown
positions and time have been studied in [11], where estimabil-
ity was numerically assessed from the EKF’s estimation error
covariance, and in [12], where the Riccati equation was ana-
lyzed to conclude that simultaneously estimating the receiver’s
and transmitter’s time is stochastically unobservable. However,
observability analysis with a small number of LEO satellites
in the context of localization has not been thoroughly stud-
ied. This letter analyzes the observability of three-dimensional
receiver localization via pseudorange measurements extracted
from the signals of a single LEO satellite. It is shown that a
stationary receiver with an unknown state (position and time)
can theoretically localize itself with a LEO satellite with a
known state (position, velocity, and time). In addition, ana-
lytical bounds on the determinant of the l-step observability
matrix are derived indicating directions of poor observability.
It is concluded that the system becomes unobservable if the
receiver is in the satellite’s orbital plane or along the normal
to the satellite’s orbital plane. The implications of the analysis
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on observability-aided LEO satellite selection are discussed,
where the presented surface plots of the observability matrix
can aid in selecting the satellite with desired (i) visibility
duration, (ii) elevation profile, and (iii) altitude and relative
orbital inclination angle. Experimental results are presented
showcasing the conclusions of the observability analysis for
a receiver localizing itself with a single Starlink satellite or a
single Orbcomm satellite.

This letter is structured as follows. Section II describes
the dynamics and measurement models. Section III ana-
lyzes analytically the observability of receiver localization
using pseudorange measurements from a single LEO satel-
lite and gives geometric interpretations of the derived results.
Section IV presents experimental results with Orbcomm and
Starlink LEO satellites, demonstrating the implications of the
observability analysis on the estimation performance.

II. PRELIMINARIES AND MODEL DESCRIPTION

A. Observability of LTV Systems

Consider the discrete-time (DT) linear time-varying (LTV)
dynamical system � given by

� :

{
x(k + 1) = F(k) x(k) + G(k) u(k),
y(k) = H(k) x(k),

(1)

where x ∈ R
n, u ∈ R

p, and y ∈ R
q are the system state,

input, and measurement vectors at time-step k, respectively,
and k ∈ N. The state transition matrix corresponding to �

from time-step j to time-step i is given by

�(i, j) �
{

F(i − 1) F(i − 2) · · · F(j), if i > j,
In×n, if i = j,

where In×n denotes an n × n identity matrix. The following
theorem characterizes the observability of DT LTV systems
via the l-step observability matrix [13].

Theorem 1: The DT LTV system (1) is l-step observable if
and only if its corresponding l-step observability matrix

O(k, k + l − 1) �

⎡
⎢⎢⎢⎢⎢⎢⎣

H(k)�(k, k)
H(k + 1)�(k + 1, k)

...

H(k + l − 1)�(k + l − 1, k)

⎤
⎥⎥⎥⎥⎥⎥⎦

, (2)

is full rank. Theorem 1 can be applied to nonlinear systems
by linearizing at each time-step k around x(k). The achieved
observability results therein will only be valid locally [14].

B. Receiver Dynamics

The terrestrial receiver’s position rr ∈ R
3 is assumed to be

fixed in the Earth-centered inertial (ECI) frame and its dis-
tance from the center of Earth is denoted by r = ‖rr‖2. The
dynamics of the receiver’s clock error states (i.e., bias δtr and
drift δ̇tr) is modeled as a double integrator driven by process
noise [15]. The receiver’s dynamics is then given by

xr(k + 1) = Fr xr(k) + wr(k),

where xr �
[
rT

r , c δtr, c δṫr
]T

is the receiver’s state vector, c
denotes the speed of light, and wr is a process noise modeled

as a zero-mean white random sequence with covariance Qr =
diag[03×3, Qcr]. The receiver state matrix is given by

Fr =
[

I3×3 03×2
02×3 Fclk

]
, Fclk =

[
1 T
0 1

]
,

where T is the sampling period. In this letter, the simplest
receiver dynamics was considered to focus on the change in
geometry due to the moving satellite. More elaborate receiver
dynamics could be considered in future work.

C. LEO Satellite Dynamics

The LEO satellite is assumed to follow a circular Keplerian
orbit with fixed inclination and a prescribed orbital radius
denoted by a = ‖rs(t)‖2 where 0 < r < a. Under the action
of Earth’s gravitational field, the satellite’s orbital dynamics
in continuous-time will be assumed to follow a simplified
two-body model given by

r̈s(t) = − μ

a3
rs(t) + ws(t), (3)

where rs ∈ R
3 is the satellite’s position in the ECI frame

and ws is a process noise vector of acceleration perturbations
resulting from Earth’s non-uniform gravitational potential,
atmospheric drag, solar radiation pressure, gravitational pull
of other celestial bodies, and general relativity [16]. The
following constraints on the satellite dynamics hold ∀ t > 0

〈rs(t), rs(t)〉 = a2,

〈ṙs(t), ṙs(t)〉 = α2 a2,

〈rs(t), ṙs(t)〉 = 0,

where α2 � μ/a3. The dynamics of the satellite’s clock bias
δts and drift δ̇ts are modeled similarly to the receiver’s clock
error dynamics [15]. Next, the satellite dynamics in (3) can be
discretized at a sampling period T to yield

xs(tk+1) = Fs xs(tk) + ws(tk),

where xs = [rT
s , ṙT

s , c δts, c δṫs]T is the satellite’s state vec-
tor and ws is a process noise modeled as a zero-mean white
random sequence with covariance Qs, and Fs is given by

Fs =
⎡
⎣ cos(αT) I3×3 (1/α) sin(αT) I3×3 03×2

−α sin(αT) I3×3 cos(αT) I3×3 03×2
02×3 02×3 Fclk

⎤
⎦.

D. Measurement Model

The pseudorange measurement extracted by the receiver
from the satellite signals at time-step k, after compensating
for ionospheric and tropospheric delays [3], is modeled as

ρ(k) = ‖rr − rs(k
′)‖2 + c

(
δtr(k) − δts(k

′)
)+ v(k), (4)

where k′ represents discrete-time tk = k T − δtTOF with δtTOF
being the transmission delay of the signal. The term v is the
measurement noise, which is modeled as a zero-mean white
Gaussian sequence with variance σ 2.
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III. OBSERVABILITY ANALYSIS

This section analyzes the observability of receiver localiza-
tion with a single LEO satellite under two scenarios. The first
scenario considers a receiver with unknown position states but
known clock error states. Results from this simple scenario
will serve as a stepping stone towards the second scenario,
which considers a receiver with unknown position states and
unknown clock error states. In each scenario, the satellite’s
states are assumed to be known, which is the case when-
ever (i) a satellite transmits its ephemeris and clock errors
(e.g., Orbcomm satellites transmit their states, estimated from
onboard GPS receivers [3]) or (ii) an estimator is employed
to estimate the LEO satellite’s states (e.g., via a differential
navigation framework utilizing a known base receiver [17] or
via a simultaneous tracking and navigation (STAN) frame-
work [3]). It is worth noting that instead of estimating the
receiver’s clock error states, the following analysis readily
extends to the case of estimating the difference between the
receiver’s and LEO satellite’s clock error states, �δt � δtr−δts
and �δ̇t � δ̇tr − δ̇ts, which could be desirable for stochastic
observability considerations [12]. The nonlinear pseudorange
measurement (4) is linearized at time-step k with respect to
the unknown receiver states and the corresponding Jacobian
matrix is used to build the l-step observability matrix. The
scenarios are summarized below

• Scenario 1: A stationary receiver with unknown position
states but known clock error states makes pseudorange
measurements to a LEO satellite with known states. The
measurement Jacobian is given by H(k) = lTk .

• Scenario 2: A stationary receiver with unknown position
states and clock error states makes pseudorange mea-
surements to a LEO satellite with known states. The
measurement Jacobian is given by H(k) = [

lTk 1 0
]
.

Above, lk ∈ R
3 denotes the unit line-of-sight (LOS) vector

between the receiver and satellite at time-step k, given by

lk � rr − rs(k)

‖rr − rs(k)‖2
.

In what follows, the l-step observability of the aforementioned
scenarios is investigated, and bounds on the determinants of
observability matrices therein are derived.

A. Scenario 1: Pseudorange Measurements With
Unknown Receiver Position States But Known Clock
Error States

In this scenario, the only unknown states are the receiver’s
position, and the 3-step observability matrix is given by

O(k, k + 2) = [
lk lk+1 lk+2

]T
, (5)

where the transition matrix � = I3×3 and the measurement
Jacobian H(k) = lTk are used to build O(k, k+2). Let O(k, k+
2) � O3. An expression for det(O3) is derived as a function
of the relative geometry between the receiver and the satellite.

Theorem 2: Let cn � cos(αnT), sn � sin(αnT), and

βk � 1

‖�r(k)‖2 ‖�r(k + 1)‖2 ‖�r(k + 2)‖2
,

where �r(k) � rr − rs(k). The determinant of the 3-step
observability matrix in (5) is given by

det(O3) = βk (2 s1 − s2) a2 r sin(θ), (6)

where θ is the angle between the receiver’s position vector rr
and the orbital plane of the LEO satellite.

Proof: Since O3 is a 3 × 3 matrix, its determinant is equal
to the scalar triple product of its rows which are given by the
unit LOS vectors lk, lk+1, and lk+2 as follows

det(O3) = lk · (lk+1 × lk+2)

= βk �r(k) · (�r(k + 1) × �r(k + 2)), (7)

where the terms rs(k+1) in �r(k+1) and rs(k+2) in �r(k+2)

can be written in terms of rs(k) and ṙs(k) using the satellite
dynamics Fs defined in Section II-C as follows

�r(k + 1) = rr − c1 rs(k) − 1

α
s1 ṙs(k), (8)

�r(k + 2) = rr − c2 rs(k) − 1

α
s2 ṙs(k). (9)

Plugging (8) and (9) in (7) yields

det(O3) = βk (2 s1 − s2)

α

(
rr · (rs(k) × ṙs(k))

)
= βk (2 s1 − s2) a2 r sin(θ).

Hereafter, θ is referred to as the relative orbital inclination
angle between the receiver and the LEO satellite. Ideally, θ

is assumed constant for a stationary receiver during the time
window through which it is seeing a LEO satellite. In what
follows, time-independent bounds on det(O3) are derived.

Corollary 1: The determinant of the 3-step observability
matrix in (5) can be bounded as follows

0 ≤ L(θ) ≤ det(O3) ≤ U(θ),

L(θ) = (2 s1 − s2) a2 r sin(θ)(
a2 + r2 + 2 a r cos(θ)

)3/2
,

U(θ) = (2 s1 − s2) a2 r sin(θ)(
a2 + r2 − 2 a r cos(θ)

)3/2
,

where 0 ≤ θ ≤ π/12 and 0 ≤ α k T ≤ π/6 for all k ∈ N.
Proof: Using the law of cosines, the minimum and max-

imum Euclidean distances between the receiver and the
satellite; denoted by dmin and dmax, respectively, are given by

min
k∈N ‖rr − rs(k)‖2 =

(
a2 + r2 − 2 a r sin(θ)

)1/2
, (10)

max
k∈N

‖rr − rs(k)‖2 =
(

a2 + r2 + 2 a r sin(θ)
)1/2

, (11)

such that d−3
max ≤ βk ≤ d−3

min for all k ∈ N.
The inequalities on θ and α k T are placed with the under-

standing that a LEO satellite should be visible for a long
enough time to provide useful measurements. Next, observ-
ability results and geometric interpretations are deduced.

Proposition 1: If the receiver is in the orbital plane of the
LEO satellite, the system is not l-step observable.

Proof: If the receiver is in the orbital plane of the LEO
satellite, then θ = 0. This implies that U(θ) = U(0) = 0.
As a result, det(O3) = 0 and O3 is rank deficient. In fact,
the rows of Ol, which represent consecutive unit LOS vectors
tracing the satellite’s orbit, are coplanar lying in the orbital
plane of the satellite. As a result, rank[Ol] ≤ 2, for all
l ≥ 2.
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Fig. 1. Comparison between the geometric diversity of the LOS vectors
based on the relative orbital inclinations θA, θB , and θC (θA � θC � θB)
created between the LEO satellite and receivers A, B, and C, respec-
tively. Receiver A makes LOS measurements that are relatively closer to
each other compared to receiver C (large θ ), and receiver B makes LOS
measurements that are coplanar in the orbital plane of the LEO satellite
(small θ ).

Remark 1: The unobservable subspace in the case above is
spanned by the normal to the satellite’s orbital plane, other-
wise known as the satellite’s cross direction. This implies that
initial receiver position states along this direction are indistin-
guishable. The impact of this on localization using a single
overhead LEO satellite is demonstrated in Section IV.

Proposition 2: If the receiver is not in the orbital plane of
the LEO satellite, the system is l-step observable for l ≥ 3.

Proof: If the receiver is not in the orbital plane of the LEO
satellite, then θ �= 0. As a result, L(θ) > L(0) > 0, and
det(O3) �= 0 with rank[Ol] = 3, for all l ≥ 3. In fact, the
rows of Ol, which represent consecutive unit LOS vectors trac-
ing the satellite’s orbit, are no longer coplanar. This implies
that the corresponding scalar triple product of any three con-
secutive unit LOS vectors is nonzero within a single orbital
period.

The above analysis and (6) show that the size of θ normal-
ized by the cube of the receiver-satellite range can measure
how close the l-step observability matrix is to singularity
(det(O3) ∝ βk sin(θ)). As a result, a relationship between the
singularity of O3 and the geometric diversity of the unit LOS
vectors can be established. Namely, for small θ , the receiver is
near the orbital plane of the satellite so that the LOS vectors
are almost coplanar. For large θ , the receiver is far enough
from the satellite so that the LOS vectors are almost collinear.
In both extremes, the LOS vectors have poor geometric diver-
sity. An exaggerated comparison illustrating the impact of θ

on the geometric diversity of the LOS vectors is shown in
Fig. 1, where three receiver positions resulting in three drasti-
cally different values of θ result in LOS vectors with varying
geometric diversity. A study on the singularity of O3 is shown
in Fig. 2(a), where the values of det(O3) were computed from
simulated LOS vectors created between a stationary receiver
and a satellite traveling along a circular orbit at an altitude
of 521 km (computations were repeated for varying values of
θ ∈ [0, π/12]). It is observed that det(O3) drastically dimin-
ishes for θ values which are too small or too large, implying
that a “favorable” relative orbital inclination region (shown in

Fig. 2. Values of det (O3) (left) and det (O5) (right) computed for
different values of θ in radians at each time-step k .

Fig. 2 in yellow) lying in between the two extremes exists
where det(O3) is maximal over the navigation window of the
receiver. Implications of this on observability-based satellite
selection is discussed in Section IV.

B. Scenario 2: Pseudorange Measurements With
Unknown Receiver Position States and Unknown Clock
Error States

In this scenario, the receiver state is unknown, and the 5-step
observability matrix is given by

O(k, k + 4) =
⎡
⎣lk lk+1 lk+2 lk+3 lk+4

1 1 1 1 1
0 T 2T 3T 4T

⎤
⎦

T

, (12)

where the transition matrix � = Fr ∈ R
5×5 and the mea-

surement Jacobian H(k) = [lTk 1 0] ∈ R
1×5 are used to

build O(k, k + 4). Let O(k, k + 4) � O5. Next, an expression
for det(O5) is derived as a function of the relative geometry
between the receiver and the satellite.

Proposition 3: Let m, n, and p ∈ N with m < n < p, then
the following equality holds

lm · (ln × lp) = γmnp βk
mnp a2 r sin(θ),

where the scalars γmnp > 0 and βk
mnp > 0 are given by

γmnp � sn−m + sp−n − sp−m,

βk
mnp � 1

‖�r(k + m)‖2 ‖�r(k + n)‖2 ‖�r(k + p)‖2
,

where 0 ≤ θ ≤ π/12 and 0 ≤ α k T ≤ π/6 for all k ∈ N.
Proof: The proof proceeds similarly to that of

Theorem 2.
Theorem 3: The determinant of the 5-step observability

matrix in (12) is given by

det(O5) = T (a1 − a2 + a3 − a4) a2 r sin(θ), (13)

where a1, a2, a3, and a4 are scalars given by

a1 = γ012 (βk
012 + βk

234) + γ014 (βk
014 + βk

034),

a2 = 2
(
γ013 βk

013 + γ024 βk
024 + γ134 βk

134

)
,

a3 = 3 γ023

(
βk

023 + βk
124

)
,

a4 = 4 γ123 βk
123.
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Proof: The determinant of O5 can be expressed in terms of
a product of determinants involving block partitions of O5 via
the Schur complement formula as follows

det(O5) = det(D) det(A − BD−1C), (14)

where the matrices A, B, C, and D are given by

A = [
lk lk+1 lk+2

]T
, B =

[
1 1 1
0 T 2T

]T

,

C = [
lk+3 lk+4

]T
, and D =

[
1 1

3T 4T

]T

.

Plugging the above expressions for matrices A, B, C, and D
in equation (14) and expanding yields

det(O5) = T

∣∣∣∣∣∣∣
lTk − 4 lTk+3 + 3 lTk+4

lTk+1 − 3 lTk+3 + 2 lTk+4

lTk+2 − 2 lTk+3 + lTk+4

∣∣∣∣∣∣∣
.

Hence, det(O5) is now expressed in terms of the determinant
of a 3×3 matrix which is equal to the scalar triple product of
its rows. By expanding this product, the resulting terms can
be grouped using Proposition 3, resulting in (13).

Time-independent bounds on βk
m,n,p can be derived as in the

proof of Corollary 1, so that d−3
max ≤ βk

mnp ≤ d−3
min for all k, m,

n, and p ∈ N. Bounds on det(O5) are presented next.
Corollary 2: The determinant of the 5-step observability

matrix in (13) can be bounded as follows

L(θ) ≤ det(O5) ≤ U(θ),

L(θ) = 16 s3
1 (1 − c1) a2 r T

(
1

d3
max

− 1

d3
min

)
sin(θ),

U(θ) = 16 s3
1 (1 − c1) a2 r T

(
1

d3
min

− 1

d3
max

)
sin(θ),

where 0 ≤ θ ≤ π/12 and 0 ≤ α k T ≤ π/6 for all k ∈ N.
Proof: The proof proceeds similarly to that of

Corollary 1.
Based on Theorem 3 and Corollary 2, the following observ-

ability results and geometric interpretations are deduced.
Proposition 4: If the receiver is in the orbital plane of the

satellite or along the normal to the orbital plane of the satellite,
the system is not l-step observable.

Proof: By construction, unobservable directions in
Scenario I are inherited into Scenario II where additional
receiver states are now unknown. Furthermore, if the receiver
is along the normal to the orbital plane of the satellite, the
minimum and maximum Euclidean distances between the
receiver and the LEO satellite become equal which results
in U(θ) = U(π

2 ) = 0 and L(θ) = L(π
2 ) = 0, implying that

det(O5) = 0. In fact, since a constant distance is maintained
between the receiver-satellite pair, the stationary receiver
can no longer disambiguate between its initial clock bias
and the initial range from the satellite, no matter how many
pseudorange measurements it makes from that satellite. At
best, a one-dimensional unobservable subspace of R

5 is
maintained, so that rank[Ol] ≤ 4, for all l ≥ 4.

Proposition 5: If the receiver is not in the orbital plane
of the satellite, nor along the normal to the satellite’s orbital
plane, the system is l-step observable for l ≥ 5.

Proof: It is enough to show by contradiction that the matrix
O5 in this setting is non-singular. To that end, assume that
there exists a nontrivial vector v ∈ R

5 such that O5 ·v = 05×1.

By partitioning v such that v = [uT s w]T where u ∈ R
3,

s ∈ R, one obtains the following system of 5 equations:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

〈lk, u〉 = −s
〈lk+1, u〉 = −s − T w
〈lk+2, u〉 = −s − 2 T w
〈lk+3, u〉 = −s − 3 T w
〈lk+4, u〉 = −s − 4 T w.

(15)

From (15), it follows that u must make either constant or
linearly increasing angles with 5 consecutive unit LOS vec-
tors tracing the satellite’s circular Keplerian orbit. Since the
receiver is not in the orbital plane of the satellite, any 3 vectors
chosen from 5 consecutive unit LOS vectors within a single
orbital period are non-coplanar. If in addition, the receiver is
not along the normal to the orbital plane of the satellite, then
the corresponding difference vectors between the 5 unit LOS
vectors are not coplanar and with same length. This implies
that u must be the trivial vector, concluding the proof.

The observability surface in Fig. 2(b) is significantly smaller
compared to Fig. 2(a). This reflects poorer observability con-
ditions and loss of information due to the addition of unknown
receiver states to the system. Finally, while the unobservable
subspaces discussed are of zero measure and assume an ideal
setting (perfect knowledge of a circular satellite ephemeris,
non-rotating spherical Earth, etc), in a real setting, the satel-
lite’s orbit will experience random perturbations such that
a receiver localizing itself would not lie exactly along the
derived unobservable subspaces. Despite this, Section IV will
show that a receiver still fails to localize itself due to the
unobservable direction derived in the ideal setting.

IV. EXPERIMENTAL RESULTS

To demonstrate the conclusions of the observability anal-
ysis on receiver localization, an experiment was conducted
whereby pseudorange measurements, extracted from carrier
phase observables [7], [17], from one Starlink satellite and
one Orbcomm satellite were used to localize a stationary
receiver using an EKF for LEO satellite visibility dura-
tions of 74 and 317 seconds, respectively. The Starlink and
Orbcomm satellites possess average relative orbital inclina-
tions of θ = 0.01457 rad and θ = 0.00410 rad, respectively,
indicating that the receiver is relatively close to being in their
orbital planes during each navigation window. For both satel-
lites, the analysis in Section III shows that the determinant
of the corresponding observability matrices is expected to be
small enough so that the directions normal to the LEO satel-
lites’ orbital planes become nearly unobservable. The objective
of the experiment is therefore to demonstrate that receiver
localization using near-overhead passing LEO satellites will
suffer from poor information in the direction normal to the
LEO satellite’s orbital plane. This implies that any initial
receiver position error in the direction along the normal to
the LEO satellite’s orbital plane will not reduce in the EKF,
due to the observability matrix being nearly singular. For the
Starlink satellite, the satellite’s states were estimated according
to the framework discussed in [7], which estimated the satel-
lite’s ephemeris via simplified general perturbation 4 (SGP4)
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Fig. 3. Receiver position estimation errors resolved along the Starlink
satellite body frame (in black) with ±3σ bounds (in red).

Fig. 4. Receiver position estimation errors resolved along the Orbcomm
satellite body frame (in black) with ±3σ bounds (in red).

TABLE I
RECEIVER LOCALIZATION ERROR

orbit propagator initialized with two-line element (TLE) files.
For the Orbcomm satellite, the satellite’s states were obtained
by decoding the downlink signal, which contains ephemeris
and clock errors, estimated via the satellite’s onboard GPS
receivers [17]. The localization results are shown in Figs. 3
and 4, where the receiver’s position estimation errors and the
±3σ -bounds are resolved along the LEO satellite’s body frame
(along-track, cross-track, and radial directions). Table I shows
the initial and final receiver position estimation errors in each
direction. It can be seen from Figs. 3 and 4 and Table I
that while the receiver’s position error in the along-track and
radial directions decreases, there is no improvement in the
cross-track direction. This confirms the observability result
discussed in Section III, stating that the direction normal to the
orbital plane of the satellite is unobservable for a receiver mak-
ing measurements from incoming overhead satellites. Fig. 2
can be utilized for observability-based satellite selection to
improve receiver localization. To this end, based on LEO satel-
lite’s SGP4-propagated TLE files, estimates for their respective

altitudes as well as angles θ of their orbital planes with the
receiver can be used to predict and select the satellite which
will generate a navigation scenario which is most observable.
Namely, given a set of LEO satellites, one can identify the one
which will result in the best receiver localization performance,
by taking into account the following criteria, which are all
features of the observability surfaces shown in Fig. 2:

• The duration of time for which the satellite will be visible.
• The elevation profile of the satellite during this time.
• Satellite altitudes and relative orbital inclinations θ .

While the analysis in this letter considered a single LEO
satellite, future work could generalize to multiple satellites
and develop an observability-aided LEO satellite selection
approach that determines the satellites that are expected to
provide the best measurements for receiver localization.
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