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Abstract— This paper shows the first results of differential
Doppler positioning with unknown low Earth orbit (LEO) Star-
link satellite signals. To this end, a receiver capable of acquiring
and tracking the Doppler frequency of Starlink satellites is
developed. A sequential method is proposed to estimate the
number of active Starlink satellites and their corresponding
reference signals (RSs). The proposed method is based on the
classic linear model, where it is shown that the classic linear
model results in the so-called matched subspace detector. A
closed form of the probability of false alarm in the presence of
Doppler estimation error is derived. Next, a Doppler tracking
algorithm is designed, which is based on the generalized like-
lihood ratio (GLR) detector. In order to compensate for the
high dynamics of Starlink LEO satellites, a linear chirp model
is employed in the Doppler tracking algorithm, and a Kalman
filter (KF)-based tracking algorithm is designed to track the
chirp parameters. To validate the proposed framework, ex-
perimental results are presented in which a base with a known
position and a rover with an unknown position were equipped
with the proposed receiver. Despite the unknown nature of
Starlink satellite signals, it is shown that the proposed receiver is
capable of acquiring three Starlink satellites and tracking their
Doppler frequencies. Next, two baselines between the base and
rover receivers were considered: 1 km and 9 m. Despite the fact
that the satellites’ ephemerides are poorly known (with errors
on the order of several kilometersm since they are predicted
from two-line element (TLE) files and an SGP4 propagator),
the proposed differential framework was able to estimate the
rover’s two-dimensional position with an error of 5.6 m and 2.6
m, respectively.
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1. INTRODUCTION

Satellite-based navigation is witnessing the new era of low
Earth orbit (LEO) megaconstellations [1]. The launch of tens
of thousands of LEO satellites for broadband communica-
tions will revolutionize the future of satellite communications
as well as navigation [2]. The potential of utilizing LEO
space vehicle (SV) signals for navigation has been the subject
of numerous recent studies [3–11]. Two main LEO-based
navigation approaches have been considered in the literature:
(i) tailoring the broadband protocols to support navigation
capabilities [12–16] and (ii) exploiting opportunistically ex-
isting broadband LEO SV signals for navigation [17–22].
Adding navigation capabilities to LEO SVs requires signif-
icant changes to existing designs and transmission protocols
and could result in charging the user an additional cost for
positioning and navigation services. In contrast, broadband
communication signals transmitted from LEO SVs already
contain timing signals, which if one could acquire and
track, navigation observables (pseudorange, carrier phase,
and Doppler) could be extracted; hence, enabling positioning
and navigation in an opportunistic fashion.

LEO SVs possess desirable attributes for positioning and
navigation [23, 24]: (i) powerful: the received signal power
is between 24 to 34 dBs higher than that of global navigation
satellite systems (GNSS) SVs, which reside in medium Earth
orbit (MEO); (ii) abundance: tens of thousands of broadband
LEO SVs are expected to be deployed into LEO; and (iii) ge-
ometric and frequency diversity: each constellation deploys
its SVs into different orbits, transmitting in a wide range of
frequency bands.

Several challenges need to be addressed to exploit LEO
SVs for navigation. First, the SVs’ ephemerides are poorly
known. While Keplerian elements parameterizing LEO SVs’
orbits are made publicly available by the North American
Aerospace Defense Command (NORAD) and are updated
daily in the two-line element (TLE) files, using TLEs and
orbit determination algorithms (e.g., SGP4) could result in
a propagated satellite orbit error on the order of several
kilometers. Second, broadband LEO SVs may not be nec-
essarily equipped with atomic clocks nor are be as tightly20
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synchronized as GNSS SVs. Unlike GNSS, where correc-
tions to the orbital elements and clock errors are periodically
transmitted to the receiver in the navigation message, such
orbital elements and clock corrections may not be available
for LEO SVs [5]. Third, obtaining navigation observable
using the timing signals requires knowledge of the timing sig-
nal specifications, which may not publicly disclosed. Private
networks and broadband providers do not usually disclose
the specification of the transmitted signal structure. For
instance, very limited information about Starlink satellite
signals is available [25]. Another example is the Globalstar
satellite system, which supposedly uses a similar protocol
to the IS-95 and cdma2000 cellular code-division multiple
access (CDMA) system but with different pseudo-noise (PN)
sequences [26].

In this paper, the above challenges are addressed by (i)
developing a differential Doppler positioning framework to
compensate for large ephemeris errors of Starlink SVs as
well as the SVs’ unknown clock states and (ii) developing a
matched subspace detection method to estimate the unknown
signals transmitted by Starlink SVs. Specifically, the contri-
butions of this work are as follows:

• Using a general linear model, a generalized likelihood
ratio (GLR) is derived, which is capable of detecting an
unknown source in the presence of interfering sources. It is
shown that the proposed GLR test is equivalent to a matched
subspace detector. To the best of the authors’ knowledge,
the equivalency of the general linear model and the matched
subspace detector has not been established in the published
literature and is shown in this paper for the first time.
• Based on the proposed GLR test, a sequential detector is
derived to detect the presence of multiple Starlink satellites
on the same channel and provide an estimate of the number
of active Starlink satellites. The detector relies on matched
subspace detection, where the signal subspace is defined by
the Doppler frequencies of the Starlink satellites. The sequen-
tial GLR detector estimates the number of Starlink satellites
along with their Doppler frequencies, and it provides an
initial estimate of their unknown timing signals.
• A closed-form solution of the probability of false alarm is
derived in the presence of Doppler estimation error.
• Experimental results are presented showing that despite the
unknown nature of Starlink satellite signals, the proposed
receiver is capable of acquiring three Starlink satellites and
tracking their Doppler frequencies.
• Experimental results are presented in which a base with a
known position and a rover with an unknown position were
equipped with the proposed receiver. Two baselines between
the base and rover receivers were considered: 1 km and 9
m. Despite the fact that the satellites’ ephemerides are poorly
known (with errors on the order of several kilometersm since
they are predicted from TLE files and an SGP4 propagator),
the proposed differential framework was able to estimate the
rover’s two-dimensional position with an error of 5.6 m and
2.6 m, respectively.

To the authors’ knowledge, the results presented in this paper
are the first to demonstrate successful simultaneous acquisi-
tion and Doppler tracking of multiple unknown Starlink LEO
SVs’ signals. In addition, the positioning results achieved via
the developed differential framework are the most accurate
to-date (on the order of a few meters) with Starlink LEO SVs,
despite the large SVs’ ephemerides errors (on the order of
several kilometers), arising from inaccurate TLE+SGP4 SV
orbit propagation.

The remainder of this paper is organized as follows. Section 2
surveys related work in navigation with known and unknown
signals of opportunity, navigation with Starlink LEO SV
signals, and differential positioning. Section 3 presents the
proposed baseband signal model. Section 4 discusses the
proposed receiver structure to acquire and track unknown
Starlink LEO signals. Section 5 formulates the proposed dif-
ferential Doppler positioning framework. Section 6 presents
the first experimental results of differential Doppler position-
ing with Starlink LEO SVs with two base/rover baseline: 1
km and 9 m. Section 7 gives concluding remarks.

2. RELATED WORK

Opportunistic Navigation

Over the past decade, opportunistic navigation has been
demonstrated in the literature with different types of sig-
nals, commonly referred to as signals of opportunity (SOPs)
[27]. SOP examples include cellular [28, 29], digital tele-
vision [30, 31], AM/FM [32, 33], Wi-Fi [34, 35], and low-
earth orbit (LEO) satellite signals [36, 37]. Opportunistic
navigation frameworks usually rely on the broadcast refer-
ence signals (RSs), which are used to derive direction-of-
arrival (DOA) and time-of-arrival (TOA) [38]. These signals
are known at the user equipment (UE) and are universal
across network operators. Hence, they can be exploited for
positioning without the need for the UE to be a network
subscriber. In orthogonal frequency-division multiple access
(OFDMA)-based systems, such as long-term evolution (LTE)
and 5G new radio (NR) networks, several RSs, e.g., the cell-
specific reference signal (CRS) and the primary and sec-
ondary synchronization signals (PSS and SSS, respectively),
are broadcast at a regular and known time intervals [39–43].
While meter-level and submeter-level SOP-based navigation
solutions were demonstrated on ground vehicles and UAVs,
respectively, the aforementioned approaches relied on the
knowledge of a subset of the RSs transmitted by the SOP
[44,45]. These methods would fail if (i) the receiver enters an
unknown SOP environment where the number of active SOPs
and their corresponding RSs are unknown or (ii) some signal
parameters change due to the dynamic nature of wireless
protocols.

Navigation with Unknown Signals

The detection problem of an unknown source in the presence
of other interfering signals falls into the paradigm of matched
subspace detectors which has been widely studied in the
classic detection theory literature [46, 47]. Matched sub-
space detectors are used frequently in radar signal processing,
e.g., in source positioning in multiple-input multiple-output
(MIMO) radars [48] and passive bistatic radar [49]. In [50],
the design of subspace matched filters in the presence of mis-
match in the steering vector was addressed. In [51], adaptive
vector subspace detection in partially homogeneous Gaussian
disturbance was addressed. In [52], the performance of low-
rank adaptive normalized matched subspace detectors was
studied. In [53], the structure of the noise covariance matrix
was exploited to enhance the matched subspace detection
performance. In [54], the idea of subspace matching was
used to present a solution to the problem of detecting the
number of signals in both white and colored noise. Recently,
machine learning approaches have been proposed for un-
known transmitter detection, identification, and classification
[55, 56]. In the navigation literature, detection of unknown
signals has been studied to design frameworks which are
capable of navigating with unknown or partially known sig-
nals. The problem of detecting Galileo and Compass satel-
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3
lites signals was studied in [57], which revealed the spread
spectrum codes for these satellites. Preliminary experiments
on navigation with partially known signals from low and
medium Earth orbit satellites were conducted in [58–61]. In
particular, a chirp parameter estimator was used in [59] to
blindly estimate the GPS pseudorandom noise (PRN) codes.
In [60], a blind channel estimator was proposed to exploit
Orbcomm satellite signals for navigation purposes. In [61],
OFDM signals were emulated from Orbcomm LEO SVs and
an FFT-based Doppler estimator was proposed to exploit
these signals for navigation purposes. In [62], a cognitive
opportunistic navigation framework was developed. It should
be pointed out that [62] considered terrestrial signals, which
experience Doppler frequencies that are significantly lower
than the Doppler frequencies of LEO SVs. This limits the
applicability of the framework proposed in [62] to LEO SVs.
This paper generalizes the framework proposed in [62] to
LEO SVs by considering higher order Doppler models to
compensate for the high dynamics of LEO SVs. Moreover,
it is shown that the matched subspace detector, employed in
[62] and other matched subspace detection algorithms (e.g.
[46–49, 63]), is equivalent to the so-called general linear
model in detection theory.

Navigation with Starlink Signals

An opportunistic framework to navigate with differential
carrier phase measurements from megaconstellation LEO SV
signals was proposed in [36]. The Starlink constellation
is used as a specific megaconstellation example to demon-
strate the efficacy of the proposed algorithm in [36].The first
standalone (non-differential) positioning results with Starlink
SV signals were presented in [25, 64], which show carrier
phase and Doppler tracking of six Starlink SVs, achieving
a horizontal positioning error of 7.7 and 10 m with known
receiver altitude, respectively. To take the SV ephemeris
errors into account in these papers, assuming that most of the
ephemeris error is along the SV’s track, the time epoch of
the TLE files was shifted such that it minimizes the Doppler
residuals, knowing the receiver’s location. Alternatively, the
ephemeris of the TLE files can be corrected online through a
satellite ephemeris estimation framework, such as simultane-
ous tracking and navigation (STAN) [11, 65]. In this paper,
SV ephemeris errors are addressed by using a differential
framework. It is worth noting that the methods presented in
[25,64] are not capable of estimating the number of unknown
SVs if more than one Starlink SV are overhead simulta-
neously. In this paper, a sequential detection algorithm is
developed, which is capable of estimating the number of
unknown SVs in the environment. It should be pointed out
that the methods presented in this paper are general enough
to be applied to any LEO constellation, beyond Starlink.

Differential Navigation

Differential positioning methods assess measurement errors
for each satellite using a stationary surveyed reference an-
tenna and broadcasts error corrections to many users (which
may each see a different set of satellites) [66]. Satellite errors
removed by differential methods include clock calibration,
ephemeris errors, ionospheric delays, and tropospheric delays
[67]. A differential carrier-phase navigation system with
GPS and LEO SVs was presented in [68]. The problem of
navigation with differential carrier phase measurements from
LEO SV megaconstellations was tackled in [36], by assuming
knowledge of the transmitted signals. To the best of the
author’s knowledge, this paper presents the first differential
Doppler positioning results with unknown Starlink satellite
signals.

3. BASEBAND SIGNAL MODEL

In most commercial communication systems, a periodic RS is
transmitted, e.g., PSS in OFDMA-based and spreading codes
in CDMA-based signals. In this paper, the Starlink LEO SV
downlink signal is modeled as an unknown periodic signal in
the presence of interference and noise. If an RS, such as PSS
in OFDMA-based signals, is being periodically transmitted, it
will be detected and estimated by the proposed method. The
proposed signal model is

r[n] =
N
∑

i=1

αi(τn)ci[τn − tsi [n]] exp (jθi[τn])

+ di[τn − tsi [n]] exp (jθi[τn]) + w[n], (1)

where r[n] is the received signal at the nth time instant;
αi(τn) is the complex channel gain between the receiver
and the ith Starlink LEO satellite vehicle (SV); τn is the
sample time expressed in the receiver time; ci[n] represents
the samples of the complex periodic RS with a period of
L samples; tsi [n] is the code-delay corresponding to the
receiver and the ith Starlink LEO SV at the nth time instant;
θi[τn] = 2πfDi

[n]Tsn is the carrier phase in radians, where
fDi

[n] is the instantaneous Doppler frequency at the nth time
instant and Ts is the sampling time; di[τn] represents the com-
plex samples of some data transmitted from the ith Starlink
LEO SV; and w[n] is a complex zero-mean independent and

identically distributed noise with variance σ2
w.

Starlink LEO SV’s signals suffer from very high Doppler
shifts. Higher lengths of processing intervals require higher
order Doppler models. In order for a Doppler estimation
algorithm to provide an accurate estimation of the Doppler
frequency, the processing interval should be large enough
to accumulate enough energy. According to the considered
processing interval length in the experiments, it is observed
that during the kth processing interval, the instantaneous
Doppler frequency is almost a linear function of time, i.e.,

fDi
[n] = fDk,i

+ βk,in, k = 0, . . . , K, (2)

where fDk,i
is referred to as constant Doppler, βk,i is the

Doppler rate at the kth processing interval corresponding to
the ith Starlink SV, and K is the total number of processing
intervals.

Definition: The coherent processing interval (CPI) is defined
as the time interval in which the channel gainαi(τn), Doppler
fDk,i

and the Doppler rate βk,i, are all constant. Since it is

assumed that the channel gain is constant during one CPI, it is
assumed that the channel gain is a function of the CPI index,
i.e., αi(τn) = αi,k , where n is in the kth CPI.

The received signal at the nth time instant when the

Doppler rate is wiped-off is denoted by r′[n] ,
exp(−j2πβk,in

2)r[n]. One can define

sk,i[n] , αi,kc[τn − tsi [n]] exp
(

j2πfDi,k
Tsn

)

, (3)

and the equivalent noise as

weqk,i
[n] = d[τn − tsi [n]] exp

(

j2πfDk,i
Tsn

)

+ exp
(

−j2πβk,in
2
)

w[n]. (4)

Hence,

r′[n] =

N
∑

i=1

(

sk,i[n] + weqk,i
[n]

)

. (5)
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Due to the periodicity of the RS, sk,i[n] has the following
property

sk,i[n+mL] = sk,i[n] exp (jωk,imL) 0 ≤ n ≤ L− 1,
(6)

where ωk,i = 2πfDk,i
Ts is the normalized Doppler at the kth

CPI, corresponding to the ith Starlik SV, and−π ≤ ωk,i ≤ π.
A vector of L observation samples corresponding to the mth
period of the signal is formed as

zm , [r′[mL], r′[mL+ 1], . . . , r′[(m+ 1)L− 1]]T. (7)

The kth CPI vector is constructed by concatenating M vec-
tors of length L to form the ML× 1 vector

yk = [zTkM , zTkM+1, . . . , z
T

(k+1)M−1]
T. (8)

Therefore,
yk = hk,isk,i +weqk

, (9)

where sk,i = [sk,i[1], sk,i[2], . . . , sk,i[L]]
T, and the ML× L

Doppler matrix is defined as

hk,i , [IL, exp (jωk,iL) IL, . . . , exp (jωk,i(M − 1)L) IL]
T,

(10)
where IL is an L × L identity matrix, and weqk

is the
equivalent noise vector.

4. RECEIVER STRUCTURE

This section presents the structure of the proposed receiver.
The proposed receiver consists of two main stages: (i) acqui-
sition and (ii) tracking. Each of these stages is discussed in
detail next.

Acquisition

In this paper, the acquisition stage is modeled as a sequential
matched subspace detection problem. The acquisition stage is
performed in the first CPI, i.e., k = 1. Therefore, to simplify
notation in the acquisition stage, the k index is dropped. The
acquisition stage comprises estimating the number of LEO
SVs, the period of the RS, an initial estimate of normalized
Doppler along with the Doppler rate, and the RSs, i.e., N , L,
ωi, βi, and si, respectively. At each step of the acquisition, a
test is performed to detect the most powerful Starlink LEO
SV signal when the subspace of the previously detected
Starlink LEO SVs are nulled. In the following subsection,
matched subspace detection is overviewed and the hypothesis
test for detection of multiple Starlink LEO SVs is formulated.

Matched Subspace Detector—As mentioned previously, in
the first step of the proposed sequential algorithm, the pres-
ence of a single Starlink LEO SV is tested and if the null

hypothesis is accepted, then N̂ ≡ 0, which means that no
Starlink LEO SV is detected to be present in the environment
under the test. If the test rejects the null hypothesis, the
algorithm verifies the presence of at least one source and
performs the test to detect the presence of other Starlink LEO
SVs in the presence of the previously detected Starlink LEO
SVs. The unknown Doppler and the RS of each Starlink
LEO SVs are estimated at each step. In general, if the
null hypothesis at the ith level of the sequential algorithm
is accepted, the algorithm is terminated and the estimated

number of LEO SVs will be N̂ = i − 1. It should be noted
that one could obtain from the TLE files a nominal value
β0 for the Doppler rate βi of Starlink LEO SVs, which is

the minimum possible Doppler rate for Starlink satellites or
any other constellation of interest. Hence, at each step of the
algorithm, if the Doppler rate, i.e., βi, of the detected source
is less than β0, the detected source will be excluded from the
acquired sources.

In order to test the presence of si, at the ith stage of the
acquisition algorithm, the observation vector can be written
as

y = Hisi +Bi−1θi−1 +weqi
, (11)

Bi−1, [H1,H2, . . . ,Hi−1], θi−1, [sT1 , s
T

2 , . . . , s
T

i−1]
T.
(12)

The following binary hypothesis test is used to detect the ith
Starlink SV:

{

Hi
0 : Aθi = 0
Hi

1 : Aθi 6= 0.
(13)

Where, A = [IL,0, . . . ,0] is an L× iL matrix.

Theorem 1: For a given set of Doppler frequencies, Doppler
rates, and period, i.e., Wi = {L, ω1, β1, ω2, β2, . . . , ωi, βi},
the GLR at the ith stage is derived as (see Appendix A)

L(y|Wi) =
‖HH

i P
⊥
Bi−1

y‖2

‖P⊥
Bi−1

y‖2

Hi
1

≷
Hi

0

ηi, (14)

where yH is the Hermitian transpose of y, PX ,
X(XHX)−1XH denotes the projection matrix to the column
space of X, and

P⊥
X , IL −X

(

XHX
)

XH, (15)

denotes the projection matrix onto the space orthogonal to the
column space of X.

If the subspace spanned by the columns of P⊥
Bi−1

Hi, is

viewed as the ith Starlink LEO SV’s signal subspace, and
the orthogonal subspace as the noise subspace, then the
likelihood (14) can be interpreted as an estimated signal to
noise ratio (SNR). The reader is referred to [46] for further
interpretations of matched subspace detectors.

In this paper, the period of all the RSs are assumed to be
equal. Hence, searching over the period is performed once.
At the ith stage of the proposed sequential algorithm, the
GLR requires an estimate of the setWi. The sequential nature
of the algorithm enables separate estimation of the Doppler
frequency at each step. For instance, at the first step of the
algorithm, a two-dimensional search is required to obtain the
maximum likelihood (ML) estimate of ω1 and β1, denoted by

ω̂1 and β̂1, respectively. In the second stage of the algorithm,

ω̂1 and β̂1 are used to construct the projection matrix to null
the subspace of the first Starlink SV. Consequently, at the
ith step of the algorithm, invoking the previously estimated
Dopplers, a two-dimensional search is required to estimate
ωi and βi, and construct the estimated projection matrix and
the estimated Doppler matrix for the corresponding stage,

denoted by P̂Si
and Ĥi, respectively.

Therfore, by replacing the ML estimate of the elements of
Wi, the GLR can be written as

L(y) =
‖ĤH

i P̂
⊥
B̂i−1

y‖2

‖P̂⊥
B̂i−1

y‖2

Hi
1

≷
Hi

0

ηi. (16)
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5
where ηi is a predetermined threshold at the ith stage using
the probability of false alarm which will be discussed later in
this subsection. The ML estimate of ωi and βi, are obtained
by maximizing the likelihood function underHi

1 which yields

ω̂i = argmax
ωi,βi

‖HH

i P
⊥
Bi−1

y‖2, (17)

and is used to construct P̂Bi−1 and Ĥi.

It should be pointed out that according to (52) in Appendix
A,

HH

i P
⊥
Bi−1

Hi = λiIL, (18)

where the scalar λi is the Schur complement of block Ci−1,
where

Ci =









c11 c12 . . . c1i
c21 c22 . . . c2i
...

. . .
. . .

...
ci1 ci2 . . . cii









. (19)

For a known Wi, the least squares (LS) estimate of the ith
source, i.e., si, is given by

ŝi =
1

λi

HH

i P
⊥
Bi−1

y. (20)

It should be noted that the estimated RS, i.e., ŝi, contains
the effect of the channel between the Starlink LEO SV and
the UE. Small values of |αi| degrades the estimation quality
of the desired RS and, consequently, affects the acquisi-
tion and tracking performance. It should also be pointed

out that 1
λi
HH

i P
⊥
Bi−1

y = si + wacqi
, where wacqi

=
1
λi
HH

i P
⊥
Bi−1

weqi
. In other words, for a known Doppler

frequency, the LS estimator of the ith source is an unbiased
estimator, i.e., E {ŝi} = si. However, since the true Doppler
is not known to the receiver, the ML estimate of the Doppler
is used to compute the LS estimate of the ith RS instead.
Moreover, using (18), it can be shown that

1

λ̂i

ĤH

i P̂Bi−1Hi = βacqi
IL, (21)

where βacqi
is some complex scalar. As such, the LS estimate

of the RS using the ML estimate of the Doppler becomes

ŝi =
1

λ̂i

ĤH

i P̂
⊥
Bi−1

y = βacqi
si + ŵacqi

, (22)

where ŵacqi
, 1

λ̂i

ĤH

i P̂
⊥
Bi−1

weqi
. Furthermore, the asymp-

totic efficiency property of the ML estimator results in
|βacqi

| → 1 as K →∞ [69].

Remark: Since for the constellation of interest βi ≤ β0, in
the sequential detection algorithm, the detected sources with
smaller Doppler rate than β0 are excluded from the detected
sources.

Probability of False Alarm—The Doppler estimation error
affects the probability of detection and the probability of
false alarm. For known subspaces and the corresponding
projection matrices, using Theorem 7.1 in [70], one can show
that the probability of false alarm for the ith stage of the
likelihood in (14) asymptotically tends to

Pfai = exp (−Lηi)

L−1
∑

n=0

(Lηi)
n

n!
, (23)

for a large number of observation samples. In other words,
the detector is not a function of unknown parameters when
the matrix Hi is known at the receiver, which ensures the
constant false alarm rate (CFAR) property. However, in
a practice, Hi is unknown and the Doppler frequency is
estimated which introduces a Doppler estimation error. In
the following theorem, it is shown that in the presence of
Doppler estimation error, the CFAR property is guaranteed
under certain circumstances. Theroemt 2 provides a closed
form solution for the probability of false alarm in the presence
of Doppler estimation error.

Theorem 2: Consider two Starlink LEO SVs with Doppler
frequencies ω1 and ω2 and corresponding estimates ω̂1 and
ω̂2, respectively. Define the Doppler estimation error of ω1 as

∆ω1 , ω1 − ω̂1. As K → ∞, the probability of false alarm
equals

Pfai = exp (−Lηi)

L−1
∑

n=0

(Lηi)
n

n!
, (24)

with probability one, if (i) |∆ω1L| ≪
1
K

and (ii) |ω̂2L −

ω̂1L| >
1
K

.

Proof: See Appendix B.

Theorem 2 specifies the resolution of the Detection algorithm
in terms of Doppler frequency. More precisely, it is observed
that if the difference between the Doppler frequencies of two
Starlink LEO SVs is larger than the reciprocal of the CPI,
the detector follows the CFAR property. While the CFAR
property of the matched subspace detector is guaranteed for
known Doppler frequencies, Theorem 2 specifies the suffi-
cient conditions to ensure the CFAR property in the presence
of Doppler estimation error. The acquisition algorithm is
summarized in Algorithm 1.

Algorithm 1 Sequential Matched Subspace Detector

Input: y, Pfa

Output: N̂ , ω̂i, and ŝi for i = 1, . . . , N̂

1: Initialization: i = 1, j = 0, P⊥
B0

= IL
2: CalculateLi(y) according to (16) and the threshold using

(61).
3: if Li(y) < ηi, then

4: N̂ = i− 1− j.
5: Break
6: Estimate ωi, βi according to (17), and construct Ĥi,

P̂⊥
Bi−1

, and λ̂i using (52)

7: ŝi =
1

λ̂i

ĤH

i P̂
⊥
Bi−1

y

8: if βi < β0 then
9: j = j + 1.

10: i← i+ 1, update P̂⊥
Bi−1

using ω̂i, and go to step 2.

Kalman Filter-Based Doppler Tracking

The time-varying component of the continuous-time true
Doppler is a function of (i) the true range rate between

the LEO SV and the receiver, denoted by ḋ(t) and (ii) the
time-varying difference between the receiver’s and LEO SV’s

clock bias rate, denoted by ḃ(t) and expressed in meters per
second. Hence,

ω(t) = 2π

[

−
ḋ(t)

λ
+

ḃ(t)

λ
+ fa

]

, (25)
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where λ is the carrier wavelength. The clock bias is assumed
to have a constant drift, i.e., b(t) = a(t− t0)+ b0. Moreover,
simulations with Starlink LEO SVs show that the following
kinematic model for d(t) holds for short period of times

...
d (t) = w̃(t), (26)

where w̃ is a zero-mean white noise process with power spec-
tral density qw̃. Let k denote the time index corresponding
to tk = kT + t0, where T = M · L · Ts is the sampling
interval, also known as subaccumulation period, and M · L
is the number of subaccumulated samples. The discrete-time

kinematic model of the Doppler state vector ωk , [ωk, ω̇k]
T

is given by
ωk+1 = Fωk +wk, (27)

F ,

[

1 T
0 1

]

, Q , qw̃

[

T 3

3
T 2

2
T 2

2 T

]

, (28)

where F is the discrete-time state transition matrix, wk

is the discrete-time process noise with zero mean and co-
variance matrix Q. The initial state is given by ω0 =
[

2πfa +
2π
λ
(a− ḋ(t0)),−

2π
λ
d̈(t0)

]T

.

Let ω̂k|l denote the KF estimate of ωk given all the measure-

ments up to time-step l ≤ k, and P̃k|l denote the correspond-

ing estimation error covariance. The initial estimate ω̂0|0

with a corresponding P̃0|0 are provided from the acquisition

stage. The KF-based tracking algorithm time update and the
measurement update are discussed next.

Kalman Filter Time Update—The KF time update equations
are straightforwardly given by

ω̂k+1|k = Fω̂k|k, (29)

P̃k+1|k = FP̃k|kF
T +Q. (30)

Kalman Filter Measurement Update—The KF measurement
update equations is carried out based on the ML estimate
of the Doppler. The Doppler wipe-off is performed as

r̃k[i] = r[i + kML] exp
[

−jθ̂k+i|k

]

, where θ̂k+i|k is ob-

tained according to θ̂k+i|k = ω̂k|kiTs + ˆ̇ωk|k
i2

2 T
2
s , for i =

0, . . . ,ML − 1. The vector ỹk+1 is constructed as ỹk+1 =
[r̃k[0], r̃k[2], . . . , r̃k[ML− 1]]T. Similar to (9), one can show
that

ỹk+1 = H̃k+1s+ w̃eqk+1
, (31)

where the residual Doppler matrix is

H̃k+1

, [IL, exp (j∆ωkL) IL, . . . , exp (j∆ωk+1(M − 1)L) IL]
T,

(32)

and ∆ωk+1 = ωk+1 − ω̂k+1|k. The proposed KF innovation
is given by

νk+1 = argmax∆ωk+1

1

M
‖H̃H

k+1ỹk+1‖
2, (33)

which is a direct measure of the Doppler error.

Kalman Filter Initialization— The initial estimates of the
Doppler ω̂0|0 and the Doppler rate ˆ̇ω0|0 are obtained from

the acquisition stage. Let ∆fD and ∆ḟD denote the sizes
of the Doppler and Doppler rate search bins. It is assumed
that the initial Doppler and Doppler rate errors are uniformly
distributed within one bin, and their initial probability density
functions (pdfs) are bounded by Gaussian pdfs with zero-

mean and standard deviations ∆fD
3 and ∆ḟD

3 , respectively.
Therefore, the KF is initialized with

ω̂0|0 =
[

2πf̂D(0), 2π ˆ̇fD(0)
]T

,

P̃0|0 = diag

[

4π2

9
∆f2

D,
4π2

9
∆ḟ2

D

]

. (34)

5. DIFFERENTIAL DOPPLER POSITIONING

FRAMEWORK

In non-differential Doppler positioning, pseudorange rate
observables are formed from the tracked Doppler frequencies
that are multiplied by the wavelength. For the ith Starlink
LEO SV, the pseudorange rate observable at time-step κ,
which represents the discrete time at tκ = t0 + κT for an
initial time t0 and sampling time T , expressed in meters, is
modeled as

zir (κ) = −c
fDir

(κ)

Fc

= −
ṙTSVi

(κ′) [rr − rSVi
(κ′)]

‖rr − rSVi
(κ′)‖

+ air

+ c ·
[

δṫr(κ)− δṫSVi
(κ′)

]

+ cδṫionor (κ) + cδṫtropor(κ) + vzir (κ), (35)

where, Fc is the carrier frequency, κ′ represents discrete-time
at tκ = t0 + κT − δtTOFi

, with δtTOFi
being the true

time of flight of the signal from the ith Starlink LEO SV,
rr and rSVi

(κ) are the receiver’s and ith Starlink LEO SV
three-dimensional (3-D) position vectors, air is the Doppler
ambiguity at the rover, and ṙSVi

(κ) is the ith Starlink LEO
SV 3-D velocity vector. In what follows, the effect of time
of flight in the Starlink LEO SV position is neglected, i.e.,
rSVi

(κ′) ≈ rSVi
(κ). This approximation introduces an error

in the Starlink LEO SV position which is approximately com-
mon between the base and the rover. It should also pointed
out that the error introduced by this approximation is of the
order of couple of meters which is negligible compared to the
position error in the TLE files which can be as high as few
kilometers. Starlink LEO SVs’ positions can be estimated
through TLE files and orbit determination algorithms (e.g.,
SGP4 [71–73]). The parameter air is the constant bias due
to the unknown Doppler frequency ambiguity fa, which is
introduced since the exact carrier frequency is unknown, c
is the speed of light, δṫr and δṫSVi

are the clock drifts for
receiver and ith Starlink SV, respectively. Assuming a first-
order clock model for both receiver and SV [74], the clock
drift can be considered as constants. The ionospheric and

tropospheric clock drifts are modeled as cδṫiono and cδṫtropo,
respectively. Additionally, vzi(κ) is the measurement noise,
which is modeled as a zero-mean, white Gaussian random
sequence with variance σ2

i (κ). The value of σ2
i (κ) is the first

diagonal element of P̃κ|κ, expressed in m2/s2.

In differential Doppler positioning, in addition to the receiver
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7
whose position is to be estimated (the rover), one has access
to Doppler measurements from the same Starlink LEO SV
at another receiver (the base) whose position is known. Es-
sentially, this framework consists of a rover receiver (r) and
a base receiver (b) in an environment comprising M visible
Starlink LEO SVs. The objective is to estimate the position of
the rover receiver, given knowledge about the base’s position
and Doppler observables produced by the base on the same
Starlink LEO SVs. Similar to (35), for the ith Starlink LEO
SV, the pseudorange rate observable for the base at time-step
κ, can be modeled as

zib(κ) = −c
fDib

(κ)

Fc

= −
ṙTSVi

(κ) [rb − rSVi
(κ)]

‖rb − rSVi
(κ)‖

+ aib + c(δṫb − δṫSVi
)

+ cδṫionob(κ) + cδṫtropob(κ) + vzib (κ). (36)

By subtracting the tracked Doppler frequencies measured at
the base from what is measured at the rover, the common
terms, which are the satellite clock drifts will be vanished
which leads to less number of unknown terms that need
to be estimated. For the differential Doppler positioning
framework, the measurement for the ith Starlink LEO SV can
be defined by subtracting the pseudorange rate observables at
the base and the rover and adding a known term as

z̃ir,b(κ) = zir (κ)− zib(κ) +
−ṙT

SVi
(κ) [rb − rSVi(κ)]

‖rb − rSVi
(κ)‖

= −
ṙTSVi

(κ) [rr − rSVi
(κ)]

‖rr − rSVi
(κ)‖

+ (air − aib)

+ c · (δṫr − δṫb) + c ·
[

δṫionor(κ)− δṫionob(κ)
]

+ c ·
[

δṫtropor(κ)− δṫtropob(κ)
]

+ vz̃ir,b (κ).

(37)

It can be assumed that the difference between ionospheric and
tropospheric drifts at the base and rover are negligible, which
is reasonable when the base and the rover are relatively close
to each other (e.g., a few kilometers apart). The ambiguity at
both the base aib and rover air can be resolved by analyzing
the Doppler profile for each SV. The covariance of the new
measurement noise is the summation of the measurement
noise covariance at base and rover. Therefore, the final
differential Doppler poisoning measurement model for the ith
Starlink LEO SV is obtained as

z̃ir,b(κ) = −c

[

fDir
(κ)− fDib

(κ)
]

Fc

(38)

+
−ṙTSVi

(κ) [rb − rSVi
(κ)]

‖rb − rSVi
(κ)‖

=
−ṙTSVi

(κ) [rr − rSVi(κ)]

‖rr − rSVi(κ)‖

+ c · (δṫr − δṫb) + vz̃ir,b (κ). (39)

In this framework, by increasing the number of Starlink LEO
SVs the number of unknowns remains constant, i.e., only the
rover position vector and the difference between the base and

rover clock drift, which is defined as ∆ṫr,b , c(δṫr − δṫb)
should be estimated. It should be noted that the success of
the differential Doppler positioning method is dependent on

the capability of a receiver in resolving the Doppler differ-
ence between the base and rover. Next, using the weighted
nonlinear least square (WNLS) method, one searches for the

solution to the following parameter vector x ,
[

rT
r ,∆ṫr,b

]T
.

Let z̃ denote the vector of all the pseudorange observables
stacked together, and let vz̃ denote the vector of all measure-
ment noises stacked together, which is a zero-mean Gaussian
random vector with a diagonal covariance R(κ) whose diag-

onal elements are given by σ2
i (κ) = σ2

ir
(κ) + σ2

ib
(κ). Then,

one can readily write the measurement equation given by
z = g(x) + vz , where g(x) is a vector-valued function that
maps the parameter x to the pseudorange rate observables
according to (38). An iterative Batched WNLS estimator with
weight matrix R−1(κ) is implemented to obtain an estimate
of x, denoted by x̂.

6. EXPERIMENTAL RESULTS

This section presents experimental results of differential
Doppler positioning with signals from unknown Starlink
LEO SVs via the proposed framework. Two baselines be-
tween the base and the rover are considered: a far baseline
of around 1 km and a close baseline of around 9 m. In
what follows, the experimental setup is first discussed. Next,
results from the acquisition and tracking stages of the Starlink
receivers are demonstrated. Finally, receiver differential
Doppler positioning results are presented for both baselines.

Experimental Setup

To demonstrate the performance of the proposed method,
a stationary scenario is considered in which the base was
equipped with an Ettus E312 universal software radio pe-
ripheral (USRP) with a consumer-grade Ku antenna and low-
noise block (LNB) downconverter to receive Starlink signals
in the Ku band, and the rover was equipped with USRP
2974 with the same downconverter. An Octoclock was used
to synchronize between the clocks of the USRPs and the
downconverters at the base and the rover. The sampling
rate was set to 2.5 MHz, and the carrier frequency was
set to 11.325 GHz, which is one of the Starlink downlink
frequencies. The samples of the received signals were stored
for off-line post-processing. The experimental setup is shown
in Fig. 1.

NI USRP 2974

Downconverter

NI Octoclock Ettus E312

Downconverter

NI Octoclock

Base Rover

Figure 1. Base/rover experimental setup of the differential
Doppler Starlink positioning framework.

Acquisition, Tracking, and Positioning Results

To evaluate the performance of the proposed differential
Doppler positioning framework, two baselines between the
base and rover are considered, namely 1.004 km and 8.65
m. The ground truth with which the position estimate was
compared was taken from the navigation solution produced
by the USRP’s on-board GPS receiver.
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Case 1: Base-Rover Baseline of 1.004 km

Over the course of the experiment, the receivers on-board the
base and the rover were listening to three Starlink LEO SVs,
namely Starlink 44740, 48295, and 47728. The satellites
were visible for 320 seconds. Fig. 2 demonstrates the like-
lihood in terms of Doppler frequency and period for Starlink
downlink signals. The CPI is considered to be 200 times the
period. As can be seen from this figure, three Starlink LEO
SVs were detected in the acquisition stage. The acquisition
stage provides an initial value for the Doppler and the period
of the downlink Starlink signals. The estimated Doppler
and the Doppler rate were used in the tracking algorithm.
Fig. 3 demonstrates the Doppler tracking results. It can be
seen that three Starlink LEO SVs are tracked and the tracked
Doppler follows that of TLE+SGP4 calculations. Fig. 4
shows the measured differential Doppler for the three LEO
SVs. The spike in the estimated differential Doppler is due to
channel outage and burst error, which is common in satellite
communications.

The rover’s initial position estimate was set to be approxi-
mately 200 km away from the base. The rover’s position was
estimated via the differential Doppler positioning framework
described in Section 5. Fig. 5 shows that after six iterations,
the 10−8 stopping criterion of the iterative WNLS algorithm
was achieved. The 3–D position error was found to be 33.4
m. Upon equipping the receiver with an altimeter (to measure
its altitude), the 2–D position error reduced to 5.6 m. Fig. 6
summarizes the positioning results.

Case 2: Base-Rover Baseline of 8.65 m

Similar to the previous case, over the course of this exper-
iment, the receivers on-board the base and the rover were
listening to three Starlink LEO SVs, namely Starlink 48466,
48295, and 45582. The satellites were visible for 600
seconds. The three Starlink LEO SVs were detected in the
acquisition stage, when the CPI was set to be 200 times the
period. The acquisition results were similar to those shown
in Fig. 2. Fig. 7 demonstrates the Doppler tracking results.
It can be seen that three Starlink LEO SVs are tracked and
the tracked Doppler follows that of TLE+SGP4 calculations.
Fig. 8 shows the measured differential Doppler for the
three LEO SVs. It can be seen that the measured Doppler
difference follows closely the predicted Doppler difference
from TLE+SGP4 calculations.

The rover’s initial position estimate was set to be approx-
imately 12 km away from the base. The rover’s position
was estimated through the differential Doppler positioning
framework described in Section 5. Fig. 9 shows that after four
iterations, the 10−8 stopping criterion of the iterative WNLS
algorithm was achieved. The 3–D position error was found to
be 2.63 m. Upon equipping the receiver with an altimeter (to
measure its altitude), the 2–D position error reduced to 2.56
m. Fig. 10 summarizes the positioning results.

7. CONCLUSION

This paper presented a framework that enabled achieving the
first results of differential Doppler positioning with unknown
Starlink LEO satellites. A sequential algorithm was proposed
to estimate the number of active Starlink LEO SV signals and
their corresponding RSs. It was shown that the classic linear
model results in a so-called matched subspace detector. A
closed-form of the probability of false alarm in the presence
of Doppler estimation error was derived. A Doppler tracking

STARLINK-48295

STARLINK-47728

STARLINK-44740

(a)

(b)

STARLINK-47728

(d)

STARLINK-44740

(c)

STARLINK-48295

Figure 2. (a) Starlink LEO SVs’ trajectories and (b)–(d)
Acquisition of the three Starlink LEO SVs.

algorithm was designed, which is based on the GLR detector.
In order to capture the high dynamics of Starlink LEO SVs,
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Figure 3. Doppler tracking of the three Starlink LEO SVs at
the base and the rover compared with the TLE-based

calculated Doppler.

Figure 4. Measured Doppler difference between the base
and the rover versus the predicted Doppler difference

between between the base and the rover based on
TLE+SGP4 calculations.
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-10
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Figure 5. Iterative WNLS algorithm residual error.

in the Doppler tracking algorithm, a linear chirp model was
considered, and a KF-based tacking algorithm was presented
to track the chirp parameters. Experimental results evaluating
the efficacy of the proposed framework were presented with
two baselines (1 km and 9 m) between the base and rover
receivers. Despite the fact that the satellites’ ephemerides are
poorly known (with errors on the order of several kilome-
tersm since they are predicted from two-line element (TLE)
files and an SGP4 propagator), the proposed differential
framework was able to estimate the rover’s two-dimensional
position with an error of 5.6 m and 2.6 m, respectively.

True Position

Estimated Position

3D Error: 33.4 m

2D Error: 5.6 m

Initial Estimate

(a) (b)

(c)

Receiver

Base
Rover

200 km
1 km

Figure 6. (a) Rover’s initial position estimate, (b) Base’s
and rover’s position, and (c) Rover’s true and estimated

position.
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Figure 7. Doppler tracking of the three Starlink LEO SVs at
the base and the rover compared with the TLE-based

calculated Doppler.

APPENDICES

A. PROOF OF THEOREM 1

Given Wi, for the general linear detection model (13), the
GLR is derived as [70, Section 9.4.3]

L(y) =

(

Aθ̂
)H (

A
(

BH

i Bi

)−1
AH

)−1 (

Aθ̂
)

y
(

IL −Bi

(

BH

i Bi

)−1
BH

i

) , (40)
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Figure 8. Measured Doppler difference between the base
and the rover versus the predicted Doppler difference

between between the base and the rover based on
TLE+SGP4 calculations.
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Figure 9. Iterative WNLS algorithm residual error.

2D Error: 2.6 m

(a)

Estimated Position

v

Base

Initial Estimate

Receiver

(c)

(b)STARLINK-48466

STARLINK-48295

STARLINK-45582

12 km

8 m

Rover

Figure 10. (a) Rover’s initial position estimate, (b) Starlink
LEO SVs’ trajectories, and (c) Base’s position and rover’s

true and estimated position.

Since, y = Hisi + Bi−1θi−1 + weqi
, the least squares

estimation of si is denoted by

ŝi = J−1
i HH

i P
⊥
Bi−1

y. (41)

where Ji =
(

HH

i P
⊥
Bi−1

Hi

)

. Also, PX , X(XHX)−1XH,

denotes the projection matrix to the column space of X, and

P⊥
X , IL −X

(

XHX
)

XH, (42)

denotes the projection matrix onto the space orthogonal to the
column space of X.

Using the matrix inversion lemma, one can show that

(

BH

i Bi

)−1
=

[

Q1 Q2
Q3 Q4

]

, (43)

where,
Q1 = J−1

i ,

Q2 =
(

H
†
iP

⊥
Bi−1

− J−1
i HT

i

)

(B†
i−1)

H,

Q3 = QH

2 ,

and

Q4 = B
†
i−1

(

IL +HiJ
−1
i HH

i

)

(

B
†
i−1

)H

,

where H† ,
(

HHH
)−1

HH.

It should be pointed out that the observation vector can be
written as y = Biθi + weqi . Hence, the least squares
estimation is obtained as

θ̂ = (BiBi)
−1

BH

i y. (44)

In the numerator of (40), one has

Aiθ̂i = Ai

[

Q1 Q2
Q3 Q4

]

BH

i y

=
(

Q1H
H

i +Q2Bi−1

)

y

= J−1
i−1H

H

i

(

IL −PBi−1

)

y.

Therefore, using (41), one has

Aiθ̂i = ŝi. (45)

Moreover, using (43), one has

Bi

(

BH

i Bi

)−1
BH

i = IL−P⊥
Bi−1

+P⊥
Bi−1

HiJ
−1
i HH

i P
⊥
Bi−1

.
(46)

Replacing (45) and (46) in (40) yields

Li(y|Wi) =
yHPSi

y

yHP⊥
Bi−1

P⊥
Si
P⊥

Bi−1
y
. (47)

The matrices Hi and P⊥
Bi−1

can be written as

Hi = hi ⊗ IL, P⊥
Bi−1

= P̄⊥
i−1 ⊗ IL, (48)

where, hi , [1, exp (jωiL) , . . . , exp (jωi(K − 1)L)]T,

P̄⊥
i−1 ,

(

IL −Bi−1

(

BH

i−1Bi−1

)

BH

i−1

)

, Bi−1 ,
[h1, . . . ,hi−1], and⊗ denotes the Kronecker product. Hence,
one can write

HH

i P
⊥
Bi−1

Hi =
(

hH

i P̄
⊥
i−1hi

)

⊗ IL. (49)

The scalar hH

i P̄
⊥
i−1hi can be written as

hH

i P̄
⊥
i−1hi = cii −

[

ci1, . . . , ci(i−1)

]

·









c11 c12 . . . c1(i−1)

c21 c22 . . . c2i
...

. . .
. . .

...
ci1 ci2 . . . c(i−1)(i−1)









−1 







c1i
c2i
...
c(i−1)i









, (50)
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which is the Schur complement of Ci−1 of matrix Ci where

Ci =









c11 c12 . . . c1i
c21 c22 . . . c2i
...

. . .
. . .

...
ci1 ci2 . . . cii









, (51)

with cij ,
∑K−1

k=0 exp (j(ωj − ωi)Lk). Hence, the follow-
ing equality holds

HH

i P
⊥
Bi−1

Hi = λiIL, (52)

where the scalar λi is the Schur complement of block Ci−1.
Consequently, the likelihood (14) at the ith stage can be
simplified as

‖λ−1
i ĤH

i P
⊥
Bi−1

y‖2

‖P⊥
Bi−1

y‖2 − ‖λ−1
i ĤH

i P
⊥
B̂i−1

y‖2

Hi
1

≷
Hi

0

ηi. (53)

where ηi is a predetermined threshold at the ith stage. It
can be shown that the likelihood (53) is a monotonically

increasing function of
‖ĤH

i P̂
⊥

B̂i−1
y‖2

‖P̂⊥

Bi−1
y‖2

Hi
1

≷
Hi

0

, hence the GLR

detector can be written as

L(y|Wi) =
‖ĤH

i P
⊥
B̂i−1

y‖2

‖P⊥
Bi−1

y‖2

Hi
1

≷
Hi

0

ηi. (54)

B. PROOF OF THEOREM 2

To calculate the probability of false alarm, the asymptotic
distributions of the numerator and the denominator of the
likelihood in (14) are determined under the null hypothesis.

The likelihood can be written as

L(y) =
N(y)

D(y)
. (55)

First, the asymptotic distribution of the numerator is derived.
It will be shown that the numerator follows a chi-squared
distribution. According to (11), under the null hypothesis
of the second stage, i.e., H2

0, the received signal vector can
be written as y = B1θ1 + weq2

, where in a scenario with
two sources with Doppler frequencies ω1 and ω2 one has
B1 = H1 and θ1 = s1. Hence, replacing y = B1θ1 +weq2

in the numerator of the likelihood (14) results in

N(y) = sH1H
H

1 P̂S2
H1s1 +wH

eq2
P̂S2

weq2

+ 2ℜ
{

sH1H
H

1 P̂S2
weq2

}

, (56)

where P̂S2
, P̂⊥

H1
Ĥ2

(

ĤH

2 P̂
⊥
H1

Ĥ2

)−1

ĤH

2 P̂
⊥
H1

, and

ℜ{·} denotes the real-part. Since, for all values of

i 6= j, one has HH

i Hi = KIL, and HH

i Hj =

exp (j(ωj − ωi)(K − 1)L/2)
sin

(

(ωj−ωi)KL

2

)

sin
(

(ωj−ωi)L

2

) IL, it can be

shown that

sH1H
H

1 P̂S2
H1s1 =

∣

∣

∣

∣

S(ω1, ω̂2)−
S(ω1, ω̂1)S(ω̂1, ω̂2)

K

∣

∣

∣

∣

2

×
K

K2 − |S(ω̂1, ω̂2)|2
sH1 s1, (57)

where S(ω1, ω2) ,
sin

(

(ω1−ω2)KL

2

)

sin
(

(ω1−ω2)L
2

) . If the Doppler esti-

mation error of ω1, defined as ∆ω1 , ω1 − ω̂1, satisfies
|∆ω1L| ≪

1
K

, and the difference between the estimate of
the Doppler frequencies of the second Starlink satellite and

the 1st Starlink satellite satisfies |ω̂2L− ω̂1L| >
1
K

; then, the
following limit holds

lim
K→∞

∣

∣

∣

∣

S(ω1, ω̂2)−
S(ω1, ω̂1)S(ω̂1, ω̂2)

K

∣

∣

∣

∣

2

×
K

K2 − |S(ω̂1, ω̂2)|2
sH1 s1 = 0. (58)

The last term on the right hand side of (56) is a random

sequence with mean E

{

sH1H
H
1 P̂S2

weq2

}

= 0 and variance

σ2sH1H
H
1 P̂S2

H1s1, which according to (58), asymptotically
tends to zero as K →∞. Therefore,

lim
K→∞

N(y) = wH

eq2
P̂S2

weq2
, (59)

with probability one. Using similar steps for the denominator
of (14), denoted by D(y), it can be shown that

lim
K→∞

D(y) = wH

eq2

(

P̂⊥
H1
− P̂S2

)

weq2
, (60)

with probability one. According to equation (2.29) in [70],

since P̂S2
and P̂H1 are idempotent matrices,

N(y)
σ2
w
∼ χ2

2L,

and
D(y)
σ2
w
∼ χ2

2(KL−L) as K →∞. Hence, utilizing to (9.15)

in [70], the probability of false alarm equals

Pfai = exp (−Lηi)
L−1
∑

n=0

(Lηi)
n

n!
. (61)
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