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A Joint TOA and DOA Acquisition and Tracking
Approach for Positioning With LTE Signals

Kimia Shamaei and Zaher M. Kassas , Senior Member, IEEE

Abstract—A receiver structure is proposed to jointly estimate
the time-of-arrival (TOA) and azimuth and elevation angles of
direction-of-arrival (DOA) from received cellular long-term evolu-
tion (LTE) signals. In the proposed receiver, a matrix pencil (MP)
algorithm is used in the acquisition stage to obtain a coarse estimate
of the TOA and DOA. Then, a tracking loop is proposed to refine
the estimates and jointly track the TOA and DOA changes. The
performance of the acquisition and tracking stages are evaluated
in the presence of noise and multipath. Simulation results are
provided to validate the analytical results. The Cramér-Rao lower
bounds (CRLBs) of the TOA and DOA estimates are derived to
compare the performance of the proposed acquisition and tracking
approaches with the best-case performance. It is shown that the
proposed approach has lower complexity compared to the MP
algorithm. Finally, experimental results are provided with real LTE
signals, showing a reduction of 93%, 57%, and 31% in the standard
deviation of TOA, azimuth, and elevation angles’ estimation errors,
respectively, using the proposed receiver compared to the MP
algorithm.

Index Terms—Direction-of-arrival, time-of-arrival, matrix
pencil, LTE, software-defined radio, signals of opportunity,
navigation, positioning, localization.

I. INTRODUCTION

G LOBAL navigation satellite systems (GNSS) have been
the main technology used in aerial and ground vehicle

navigation systems. As vehicles approach full autonomy, the
requirements on the accuracy, reliability, and availability of their
navigation systems become very stringent [1]. Therefore, other
signals and sensors are sought to increase the integrity of GNSS
signals and overcome the known limitations of GNSS, namely
severe attenuation in deep urban canyons and susceptibility to
interference, jamming, and spoofing.

Research has shown that one could exploit ambient radio
frequency signals, which are not intended for positioning. These
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signals are commonly referred to as signals of opportunity and
include cellular, television, WiFi, and satellite communication
signals. Cellular signals are particularly noteworthy as they
posses desirable attributes for positioning, namely: ubiquity, ge-
ometric diversity, high received power, and large bandwidth [2].
The literature has shown cellular signals localization: (1) in a
standalone fashion [3]–[11] or (2) as an aiding source for an
inertial navigation system and lidar in the absence of GNSS
signals [12]–[16]. Moreover, cellular signals could be fused
with GNSS signals, when available, to improve the positioning
accuracy and integrity [17], [18].

The positioning capabilities of cellular long-term evolution
(LTE) signals have been investigated in the literature over the
past few years [19]–[21] and several software-defined receivers
(SDRs) have been proposed to extract time-of-arrival (TOA)
from real and laboratory-emulated LTE signals [9], [22]. Exper-
imental results demonstrated navigation solutions with different
types of LTE reference signals in different environments, achiev-
ing meter-level and sub-meter-level accuracy [23]–[26].

One of the main challenges in opportunistic navigation with
LTE signals is the unknown clock biases of the user equipment
(UE) and the base stations (also known as evolved Node Bs
or eNodeBs). Current approaches to overcome this challenge
include: (1) estimating and removing the clock bias in a post-
processing fashion by using the known position of the UE [23],
[27], (2) using perfectly synchronized eNodeBs in laboratory-
emulated LTE signals [22], or (3) estimating the difference of the
clock biases of the UE and each eNodeB in an extended Kalman
filter (EKF) framework [28]. The first approach does not provide
an on-the-fly navigation solution. The second approach is not
feasible with real LTE signals, whose eNodeBs are not perfectly
synchronized. In the third approach, certain a priori knowledge
about the UE’s and/or the eNodeBs’ states must be assumed in
order to make the estimation problem observable [29], [30]. For
example, in [28], the eNodeBs’ positions states were assumed
to be known as well as the UE’s initial states: position, velocity,
clock bias, and clock drift. GPS signals were used to estimate
the UE’s initial states, and such estimates were used to initialize
the EKF, which subsequently only used received LTE signals
to estimate the UE’s position and velocity and the difference
between the UE’s clock bias and drift and those of the eNodeBs’.
However, such initial knowledge about the UE’s states might
not be available in many practical scenarios, e.g., cold-start
in the absence of GNSS signals. To remove the required a
priori knowledge about the UE’s states, a navigation approach
was developed in a preliminary version of this paper, which
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exploits the temporal diversity of TOA measurements and spatial
diversity of direction-of-arrival (DOA) measurements from LTE
signals [31]. In [31], a three-dimensional (3-D) matrix pencil
(MP) algorithm was used to jointly estimate the TOA and DOA
of the received LTE signals, and a navigation framework was
proposed to estimate the location of the receiver using these
navigation observables in a cold-start fashion.

In this paper, [31] is extended by proposing a receiver structure
to jointly estimate the TOA and DOA of LTE signals with
a lower computational complexity compared to the 3-D MP
algorithm. Then, the error statistics of the proposed receiver in
the presence of noise are derived and the effect of multipath on
the estimated TOA and DOA is presented. The complexity of
the proposed receiver is compared against a 3-D MP algorithm
and Cramér-Rao lower bounds (CRLBs) for the estimated TOA
and DOA are derived. Finally, simulation and experimental
results are provided to evaluate the performance of the pro-
posed receiver. It is worth noting that the main scope of this
manuscript is to extract TOA and DOA from LTE signals. One
can use a navigation framework, such as the one proposed
in [31], to utilize the derived TOAs and DOAs to localize a
UE, whether handheld or mounted on a ground or an aerial
vehicle.

Throughout the paper, the following notations are used:
x̂ estimate of x
x vector notation
xi vector indexed for some purpose
X matrix notation
Xi,j (i, j)-th element of matrix X
Xi matrix indexed for some purpose
Δx difference between x̂ and x; Δx = x̂− x
vec{X} stacks columns of matrix X one under another
T transpose operator
H Hermitian transpose operator
∗ complex conjugate
⊗ Kronecker product
� Khatri-Rao product
◦ Hadamard product
E{·} Expectation operator
† Moore-Penrose pseudo-inverse
�{·} and �{·} real and imaginary parts, respectively
Im identity matrix of size m
0m×n m× n matrix of zeros
var{x} Variance of random variable x
cov(x, y) Covariance of random variables x and y
x(u) Variable allocated to the u-th LTE eNodeB

The remainder of this paper is organized as follows.
Section II summarizes prior work and the contributions of
this paper. Section III summarizes the transmitted and received
LTE signal models. Section IV presents the MP algorithm to
acquire the TOA and DOA estimates of received LTE sig-
nals and analyzes its performance in the presence of noise.
Section V presents the TOA and DOA tracking structure and
analyzes its performance in the presence of noise and mul-
tipath. Section VI derives the CRLB. Section VII compares

the computational complexity of the acquisition and track-
ing stages. Sections VIII and IX present the simulation and
experimental results, respectively. Section X gives concluding
remarks.

II. BACKGROUND AND CONTRIBUTIONS

This section provides a summary of prior relevant from the
literature. Then, the contributions of this paper are discussed in
details.

A. Background

The problem of joint angle and delay estimation (JADE) was
first addressed in [32], [33], where multiple signal classification
(MUSIC) and estimation of signal parameters via rotational
invariance techniques (ESPRIT) were used to jointly estimate
the delay and angle [34], [35]. MUSIC and ESPRIT are two
statistical techniques, which are based on the eigen-structure of
the covariance matrix. These algorithms were obtained based
on the assumption of noncoherent received signals. Therefore,
in the presence of coherent multipath signals, additional signal
processing must be performed [36]. In contrast to the MUSIC
and ESPRIT algorithms, the MP approach works directly with
data and does not need additional signal processing in the
presence of coherent multipath signals [37], [38].

The MP algorithm was first used in [37] to estimate the
parameters of exponentially damped/undamped sinusoids. This
idea was later extended to estimating two-dimensional (2-D)
frequencies in [38]. The MP algorithm was used in different
applications to estimate angles, TOA, or frequencies of the
received signal [39]–[41]. In [39], a 3-D MP algorithm was
used to estimate the frequency, elevation, and azimuth angles
of the signal using a 3-D antenna array. In this approach, the
TOA measurements, which are generally more accurate than
angle measurements are not estimated. In [40], [41], a 2-D
MP algorithm was used to estimate the DOA and TOA of the
orthogonal frequency division multiple access (OFDM) signals
using a uniform linear array (ULA). Note that the estimated DOA
using a ULA is always in the interval of [0, π]. This will introduce
an ambiguity in the DOA estimates since signals received at
angles θ ∈ [0, π] and −θ will be measured as θ. To the authors’
knowledge, none of the previous work has used MP algorithm
to extract TOA and 2-D DOA of the LTE signals with a uniform
planar array (UPA). Moreover, there is no literature on evaluating
the statistics of these navigation observables for this specific
framework.

One of the challenges of all JADE algorithms is their high
computational cost. Therefore, they should be used only in the
acquisition stage to provide initial estimates of the TOA and
DOA and the tracking loops should be used to refine these
estimates and track their changes. TOA tracking loops are
well-established and are being used in navigation receivers [42].
The direction locked-loops (DiLL) with non-coherent/coherent
discriminator functions were proposed for 1-D angle estimation
using a ULA [43], [44]. The idea was then extended to a 2-D
angle estimation of a mobile satellite communication using
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a UPA [45]. In the former DiLLs, the discriminator function
contains a noticeable tracking bias when the angle is not zero.
This bias was removed using a modification factor.

B. Contributions

This paper makes the following contributions:
� In the preliminary study preceding this work, 3-D MP

algorithm was used to extract the TOA and 2-D DOA of
the received LTE signals in a UPA [31]. In this paper, this
work is extended by providing a first-order perturbation
analysis to analyze the performance of this approach in the
presence of noise. The 3-D MP algorithm is then used in
the acquisition stage of the proposed receiver to provide an
initial estimate of the TOA and 2-D DOA of the received
LTE signals.

� As discussed in Subsection II-A, JADE algorithms in [37]–
[41] have high computational complexity. Besides, the
proposed tracking loops in [43]–[45] track either TOA or
DOA and are designed for non-OFDM signals. Therefore,
they cannot track TOA and DOA at the same time and
their discriminator functions are not applicable to OFDM
signals (e.g., LTE signals). In this paper, three tracking
loops are proposed that run in parallel to track the elevation
and azimuth angles and the delay of the received LTE
signals, namely elevation, azimuth, and delay locked-loops
(ELL, ALL, DLL). The loops’ discriminator functions are
defined and their open-loop and closed-loop statistics in
the presence of noise are derived accordingly. The effect
of multipath on each of these loops is also evaluated. In
contrast to the discriminator functions of the tracking loops
in [43]–[45], the proposed discriminator functions in this
paper do not have any tracking bias and do not require any
modification factors.

� CRLBs of the TOA and 2-D DOA estimates of the received
LTE signals are derived, which has not been done in the
literature.

� The computational complexity of the 3-D MP algorithm is
compared against the proposed receiver, showing signifi-
cantly lower complexity in the proposed approach.

� Simulation results are compared against analytical results,
which demonstrate the derived equations. Moreover, ex-
perimental results with real LTE signals are presented for
a 2×2 UPA. The results show that the proposed receiver
structure can reduce the standard deviation of the TOA,
azimuth, and elevation angles’ estimation errors by 93%,
57%, and 31%, respectively, compared to the 3-D MP
algorithm.

III. SIGNAL MODEL

This section summarizes the transmitted and received LTE
signal model that will be exploited for positioning.

A. Transmitted Signal Model

In LTE downlink transmission, OFDM is used to transmit the
data. An OFDM symbol is obtained by parallelizing the serial

Fig. 1. UPA structure and DOA representation.

data symbols into groups of length Nr, zero-padding to length
Nc, and taking an inverse fast Fourier transform (IFFT). Each
symbol has a duration of Tsymb = 1/fs, where fs = 15 kHz is
the subcarrier spacing. An LTE frame has a duration of 10 ms and
is composed of 20 slots, each of which contains seven OFDM
symbols [46].

To establish a connection between the UE and an LTE base
station eNodeB, several reference signals are broadcast from
the eNodeB. Since these signals are broadcast, it is possible
to exploit them for navigation purposes without the need to
be a subscriber of the network. In this paper, the cell-specific
reference signal (CRS) is used to extract TOA and DOA from
LTE signals. The CRS is an orthogonal sequence that is defined
based on the cell IDNCell

ID , the allocated symbol number, the slot
number, and the transmission antenna port number. The CRS is
scattered in time and bandwidth and is used to estimate the chan-
nel frequency response (CFR). The subcarriers designated to the
CRS are {qNCRS + νNCell

ID
}Ns−1
q=0 , where Ns = 	Nr/NCRS
,

NCRS = 6, and νNCell
ID

is a constant shift, which is a function
of the symbol number, transmission antenna port number, and
the cell ID [47].

B. Received Signal Model

At the receiver, a UPA can be used to estimate TOA and DOA
(comprised of the azimuth and elevation angles) using the phase
difference of the received signal at different antenna elements
and different subcarriers. Fig. 1 shows a UPA with M antenna
elements in the x-direction and N antenna elements in the y-
direction. To provide directivity to the antenna array, the spacing
between antenna elements should not be very small. However,
large spacing causes multiple radiation lobes, which are not
desirable. Therefore, the distance between adjacent antenna
elements is typically assigned to be d = λ/2, where λ = c/fc
is the received signal wavelength, c is the speed-of-light, and fc
is the carrier frequency [48].

At the receiver, the transmitted signals from U eNodeBs
are received. The transmitted signal from the u-th, for u =
0, . . . , U − 1, eNodeB propagates to the antenna array through
L(u) different paths, where the l-th arriving path has an atten-
uation and delay of α(u)

l and τ
(u)
l , respectively, and impinges

the antenna array at an azimuth angle φ
(u)
l and an elevation

angle θ
(u)
l , as shown in Fig. 1. In this paper, it is assumed

that the receiver’s oscillator has a high frequency stability and
that the carrier frequency offset is significantly smaller than the
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subcarrier spacing. As shown in [49], when the carrier frequency
offset is significantly smaller than the subcarrier spacing, the
effect of carrier frequency offset appears as a constant phase shift
in different subcarriers of each OFDM symbol. Therefore, since
this parameter does not affect any calculations in the sequel,
without loss of generality, it is assumed that this phase shift is
included in the channel’s attenuation parameters.

Denoting Ĥ(u) ∈ C
M×N×Ns and H(u) ∈ C

M×N×Ns to be
the estimated and true CFRs of the u-th eNodeB, it can be
shown that Ĥ(u) = H(u) +W, where Wm,n,q ∼ CN (0, σ2) is
an additive white Gaussian noise (AWGN), which represents the
effect of overall noise, including thermal noise and neighboring
eNodeBs interference, on the estimated channel at the (m,n)-th
antenna element and the q-th CRS subcarrier. Note that since
(1) frequency reuse factor of CRS signals is six, meaning that
the subcarriers that are allocated to one eNodeB are typically
different from the subcarriers that are allocated to the neigh-
boring eNodeBs and (2) different eNodeBs are encoded with
orthogonal sequences, after decoding the received signal of one
eNodeB, the effect of the received signal of other eNodeBs acts
similar to a random noise and inflates the overall noise variance.
This was also validated in [28] with experimental results, where
several eNodeBs were simultaneously tracked. True CFR can be
modeled according to

H(u)
m,n,q =

L(u)−1∑
l=0

√
Cβ

(u)
l x

(u)
l

m
y
(u)
l

n
z
(u)
l

q
, (1)

β
(u)
l � α

(u)
l e

−j2πν
NCell

ID
fsτ

(u)
l e−jωcτ

(u)
l ,

x
(u)
l � ej

ωcd
c sin θ

(u)
l cosφ

(u)
l , (2)

y
(u)
l � ej

ωcd
c sin θ

(u)
l sinφ

(u)
l , (3)

z
(u)
l � e−j2πfsNCRSτ

(u)
l , (4)

where C is the carrier power, ωc = 2πfc, and it is assumed that
|α(u)

0 | = 1. The objective is to estimate (x
(u)
l , y

(u)
l , z

(u)
l ) and

obtain the relative TOA and DOA of each path as

θ̂
(u)
l = sin−1

(√
κ2 + ς2

)
, (5)

φ̂
(u)
l = atan2 (ς, κ) , (6)

τ̂
(u)
l = − 1

2πfsNCRS
atan2

(
�
{
ẑ
(u)
l

}
,�

{
ẑ
(u)
l

})
, (7)

where atan2 is the four-quadrant inverse tangent function and

κ � c

ωc d
atan2

(
�
{
x̂
(u)
l

}
,�

{
x̂
(u)
l

})
,

ς � c

ωc d
atan2

(
�
{
ŷ
(u)
l

}
,�

{
ŷ
(u)
l

})
.

The TOA and DOA estimation is performed in two stages,
namely acquisition and tracking, which are discussed in the next
two sections. For simplicity of notations, the superscript (u),
which denotes the u-th eNodeB, will be dropped in the sequel,
unless it is required.

IV. SIGNAL ACQUISITION

In the acquisition stage, the 3-D MP algorithm is used to
jointly estimate the TOAs and DOAs of received LTE signals.
This section discusses the process of estimating the TOA and
DOA and characterizes the estimation performance in the pres-
ence of noise.

A. TOA and DOA Estimation

A 3-D MP algorithm can be divided into three 1-D MP
algorithms to estimatexl,yl, and zl individually [38], [39]. There
are five main steps in a 3-D MP algorithm, which are discussed
next.

Step 1: Construct the estimated enhanced-matrix as

Ê �

⎡
⎢⎢⎢⎣

Ê0 Ê1 · · · ÊNs−R

Ê1 Ê2 · · · ÊNs−R+1

...
...

. . .
...

ÊR−1 ÊR · · · ÊNs−1

⎤
⎥⎥⎥⎦
PKR×[(M−P+1)

,

(N−K+1)(Ns−R+1)], (8)

Êk �

⎡
⎢⎢⎢⎣

Ê0,k Ê1,k · · · ÊN−K,k

Ê1,k Ê2,k · · · ÊN−K+1,k

...
...

. . .
...

ÊK−1,kÊK,k· · · ÊN−1,k

⎤
⎥⎥⎥⎦,

Êj,k �

⎡
⎢⎢⎢⎣

Ĥ0,j,k Ĥ1,j,k · · · ĤM−P,j,k

Ĥ1,j,k Ĥ2,j,k · · · ĤM−P+1,j,k

...
...

. . .
...

ĤP−1,j,k ĤP,j,k · · · ĤM−1,j,k

⎤
⎥⎥⎥⎦,

for j=0,1, . . . ,N−1, and k=0,1, . . . ,Ns−1,
whereP ,K, andR are pencil parameters. The pencil parameters
are tuning parameters that are used to improve the estimation
accuracy and must satisfy the following necessary conditions

(P − 1)RK ≥ L, (K − 1)PK ≥ L, (R− 1)PK ≥ L,

(M − P + 1)(N −K + 1)(Ns −R+ 1) ≥ L.

For efficient noise filtering, it has been shown that the pencil
parameters should be selected between one third and two thirds
of their corresponding parameters [37].

Step 2: Decompose Ê presented in (8) using singular-value
decomposition (SVD) as Ê = ÛΣ̂V̂H, where Û and V̂ are
unitary matrices of singular vectors, and Σ̂ is the matrix of
singular values σ1 ≥ · · · ≥ σKPR. Next, use the minimum
description length (MDL) criterion to estimate the multipath
channel length [50].

Step 3: Knowing the length of the channel impulse response,
the enhanced matrix Ê presented in (8) can be decomposed into
the signal and noise subspaces as Ê = ÛsΣ̂sV̂

H
s + ÛnΣ̂nV̂

H
n ,

where Ûs and V̂s are composed of the singular vectors corre-
sponding to the L̂ largest singular values of Ê and span the signal
subspace of Ê; and Ûn and V̂n span the noise subspace of Ê.
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Remove the last and first PK rows of Us to build the matrices
Ûs1 and Ûs2 , respectively, as

Ûs1 = C1Us, C1 =
[
IPK(R−1),0PK(R−1)×PK

]
,

Ûs2 = C2Us, C2 =
[
0PK(R−1)×PK , IPK(R−1)

]
. (9)

Derive the generalized eigenvalues of the pencil pair
(Ûs2 , Ûs1), which are equal to the eigenvalues of Ψ̂z =

Û†
s1
Ûs2 . The resulting eigenvalues are permutation of

{ẑ0, . . . , ẑL̂−1}, which were presented in (4).
Step 4: Form the matrix

Ûj = JÛs, (10)

where J is the permutation matrix given by

J � [J0,J1, . . . ,JK−1]
T ,

where Ji is defined as

Ji � [p(1 + iP ), . . . ,p(P + iP ),

p(1 + iP + PK), . . . ,p(P + iP + PK), . . . . . . ,

p(1+iP+(R−1)PK), . . .,p(P+iP+(R−1)PK)],

where p(�) is a column vector of size KPR with one in the
(�)-th element and zero elsewhere. Similar to (9), build Ûj1

and Ûj2 from Ûj by removing the last and first PR rows,
respectively. The eigenvalues of Ψ̂y = Û†

j1
Ûj2 are permutation

of {ŷ0, . . . , ŷL̂−1}, which were presented in (3).
Step 5: Form the matrix

Ûp = PÛs, (11)

where P is the permutation matrix defined as

P � [p(1),p(1 + P ), . . . ,p(1 + (KR− 1)P ),

p(2),p(2 + P ), . . . ,p(2 + (KR− 1)P ), . . . . . . ,

p(P ),p(P + P ), . . . ,p(P + (KR− 1)P )]T.

Similar to (9), build Ûp1
and Ûp2

from Ûp by removing
the last and first KR rows, respectively. The eigenvalues of
Ψ̂x = Û†

p1
Ûp2

are permutation of {x̂0, . . . , x̂L̂−1}, which were
presented in (2).

The estimated values of {xl}L̂−1
l=0 , {yl}L̂−1

l=0 , and {zl}L̂−1
l=0 are

not necessarily in the same order. Therefore, they must be paired
together correctly before calculating the TOA and DOA of the
line-of-sight (LOS) signal. Pairing these values is discussed in
details in [31].

After estimating the TOA and DOA of the LOS and multipath
signals, the DOA and TOA estimates of the path with the
minimum TOA is obtained as estimates of the LOS navigation
observables. Note that one cannot detect which received signal
is the LOS signal, unless all the received signals, from LOS and
multipath, are estimated and the one with the lowest delay is
detected as the LOS signal.

Next, the TOA and DOA estimates of the LOS signal will
be tracked in the tracking loop to refine the estimates and track
the changes over time. Note that since multipath signals usually
have Rayleigh distribution, they change randomly over time and

it is practically not possible to keep track of them in the tracking
stage. Therefore, the tracking loops discriminator functions are
defined for only the LOS signal and the effect of multipath is
considered as a bias on the overall results.

In this paper, in order to remove the tracking bias, which were
discussed in [43], [44], from the tracking loops discriminator
functions, the LOS DOA and TOA estimates are removed from
the CFR resulting in

H ′
m,n,q � Ĥm,n,qx̂

−m
0 ŷ−n

0 ẑ−q
0 . (12)

Denoting the LOS TOA and DOA estimation error by eτ �
τ̂0 − τ0, eφ � φ̂0 − φ0, and eθ � θ̂0 − θ0, and assuming small
TOA and DOA estimation errors, it can be shown that H ′

m,n,q

can be rewritten as

H ′
m,n,q =

√
Cβ0e

−j ωcd
c (m cos θ0 cosφ0+n cos θ0 sinφ0)eθ

ej
ωcd
c (m sin θ0 sinφ0−n sin θ0 cosφ0)eφ

ej2πqfsNCRSeτ + Im,n,q +W ′
m,n,q, (13)

where Im,n,q is the effect of multipath and is defined as

Im,n,q �
√
C

L−1∑
l=1

βl (xl/x̂0)
m(yl/ŷ0)

n(zl/ẑ0)
q,

and W ′
m,n,q is the noise component defined as W ′

m,n,q �
Wm,n,qx̂

−m
0 ŷ−n

0 ẑ−q
0 , where W ′

m,n,q ∼ CN (0, σ2). The deriva-
tion of (13) is detailed in Appendix A.

B. Noise Performance Analysis

In the presence of noise, the estimated DOA and TOA are
slightly different than their actual values. The statistics of this
discrepancy will be derived in this subsection.

In Subsection IV-A, it was shown that the values of {ẑl}L̂i=0

are the eigenvalues of Û†
s1
Ûs2 . Using first-order perturbation

theory, it can be shown that the perturbation of the eigenvalue
ẑi, which is denoted by Δzi, is obtained as

Δzi =
sH
i Δ

(
U†

s1
Us2

)
ri

sH
i ri

, (14)

where si and ri are the left and right eigenvectors of
U†

s1
Us2 , respectively, corresponding to ẑi [51]. Using the

equalities Δ(U†
s1
Us2) = ΔU†

s1
Us2 +U†

s1
ΔUs2 , ΔU†

s1
=

−U†
s1
ΔUs1U

†
s1

, and the facts that U†
s = UH

s , C†
1 = CH

1 , and
U†

s1
Us2ri = ziri, equation (14) can be simplified to

Δzi =
sH
i U

H
sC

H
1 (C2 − ziC1)ΔUsri

sH
i ri

. (15)

It has been shown that ΔUs = UnU
H
nΔEVsΣ

−1
s [52]. There-

fore, equation (15) can be simplified to

Δzi = aH
i ΔEqi, (16)

whereaH
i =

sH
iU

H
sC

H
1(C2−ziC1)UnU

H
n

sH
i ri

andqi = VsΣ
−1
s ri. After

some algebraic manipulation and using the fact that ΔH = W,
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equation (16) can be rewritten as

Δzi = aH
i Qvec {W} , (17)

Q =

⎡
⎢⎢⎢⎢⎢⎣

Q0 · · · QNs−R 0 · · · 0

0 Q0 · · · QNs−R
. . .

...
...

. . .
. . .

...
. . . 0

0 · · · 0 Q0 · · · QNs−R

⎤
⎥⎥⎥⎥⎥⎦
PKR×MNNs

,

Qk=

⎡
⎢⎢⎢⎢⎢⎣

Q0,k · · · QN−K,k 0 · · · 0

0 Q0,k · · · QN−K,k
. . .

...
...

. . .
. . .

...
. . . 0

0 · · · 0 Q0,k · · · QN−K,k

⎤
⎥⎥⎥⎥⎥⎦
PK×MN

,

Ql,k =

⎡
⎢⎢⎣
qil

′ · · · qil′+M−P 0 · · · 0
...

. . .
. . .

...
. . . 0

0 · · · 0 qil′ · · · qil′+M−P

⎤
⎥⎥⎦
P×M

,

for l′ = (k(N −K + 1) + l)(M − P + 1).

Using (17), variance of Δzi can be obtained as

var{Δzi} = σ2aH
i QQHai. (18)

Therefore, using (7), the variance of τi estimation error can be
obtained as

var{Δτi} =
1

2 (2πfsNCRS)
2 var{Δzi}. (19)

A similar approach can be used to derive var{Δxi} and
var{Δyi}, resulting in a similar structure to (18). Note that

aH
i is replaced by aH

i =
sH
iU

H
sJ

†CH
1(C2−yiC1)JUnU

H
n

sH
i ri

for Δyi and

aH
i =

sH
iU

H
sP

†CH
1(C2−xiC1)PUnU

H
n

sH
i ri

for Δxi. Also, note that si

andri are the left and right eigenvectors ofU†
j1
Uj2 andU†

p1
Up2

for Δyi and Δxi, respectively, and matrices C1 and C2 are used
to remove the first and last few rows of Uj and Up presented in
(10) and (11), respectively. The variance of the estimation of θ
and φ can be obtained as

var{Δθi} =
c2

2ω2
c d

2 cos2 θi

[
cos2 φivar{Δxi}

+ sin2 φivar{Δyi}
+2 sinφi cosφi�{cov{Δxi,Δyi}}] , (20)

var{Δφi} =
c2

2ω2
c d

2 sin2 θi

[
sin2 φivar{Δxi}

+ cos2 φivar{Δyi}
−2 sinφi cosφi�{cov{Δxi,Δyi}}] . (21)

The derived variances of TOA and DOA estimates in (19),
(20), and (21) can be used to compare the performance of the
estimator with the CRLB. Besides, these variances can be used
in a navigation framework (e.g., as the weights in a non-linear

Fig. 2. ELL, ALL, and DLL tracking loop structure. The ALL and DLL
are identical to the ELL shown above with appropriate modifications to their
respective discriminators, scaling, and reference signal generators.

weighted least squares (WNLS) or as the measurements’ noise
variances in an extended Kalman filter (EKF)).

V. SIGNAL TRACKING

In the tracking stage, the receiver refines the TOA and DOA
estimates and keeps track of their changes. Fig. 2 shows the
structure of the proposed tracking stage, where azimuth, eleva-
tion, and delay locked-loops (ALL, ELL, and DLL, respectively)
are used to estimate and remove the TOA and DOA errors. For
this purpose, an estimate of the TOA and DOA errors, êτ , êθ,
and êφ, are first removed from H ′

m,n,q defined in (13), resulting
in

H ′′
m,n,q =

√
Cβ0e

j ωcd
c (m cos θ0 cosφ0+n cos θ0 sinφ0)Δeθ

e−j ωcd
c (m sin θ0 sinφ0−n sin θ0 cosφ0)Δeφ

e−j2πqfsNCRSΔeτ + I ′m,n,q +W ′′
m,n,q, (22)

where I ′m,n,q and W ′′
m,n,q are the interference and noise compo-

nents, respectively, after removing the TOA and DOA errors;
W ′′

m,n,q ∼ CN (0, σ2); and Δeτ � êτ − eτ , Δeφ � êφ − eφ,

and Δeθ � êθ − eθ are TOA and DOA tracking loop errors.
Next, a noncoherent discriminator function is used in each loop
to obtain the tracking error signals. Finally, low pass filters
and accumulators are used to smooth and accumulate the error
signals.

In the next subsections, the structure of these loops and
their performance in the presence of noise and multipath are
discussed.

A. ELL

1) Discriminator Function: The elevation angle discrimina-
tor function is defined as

Dθ�

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑Ns−1
q=0

∑N−1
n=0

[|Rdown|2 − |Rup|2
]
,

if | sinφ0| < ηthr,∑Ns−1
q=0

∑M−1
m=0

[|Rdown|2 − |Rup|2
]
,

otherwise,

(23)
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where two different conditions are used to keep the tracking
error bounded (see Appendix B); ηthr =

√
2
2 ; and Rdown and

Rup are the down and up cross-correlation functions ofH ′′
m,n,q

with the up-down locally generated signal Υ and its conjugate,
respectively, which are defined according to

Rdown �
{∑M−1

m=0 H
′′
m,n,qΥm, if | sinφ0| < ηthr,∑N−1

n=0 H ′′
m,n,qΥn, otherwise,

(24)

Rup �
{∑M−1

m=0 H
′′
m,n,qΥ

∗
m, if | sinφ0| < ηthr,∑N−1

n=0 H ′′
m,n,qΥ

∗
n, otherwise,

(25)

Υm �
{
ej

ωcd
c (m cos θ̂0 cos φ̂0ξθ), if | sinφ0| < ηthr,

ej
ωcd
c (m cos θ̂0 sin φ̂0ξθ), otherwise,

(26)

where ξθ is the up-down correlator spacing. It can be shown that

Rdown = Sdown + Idown + ndown, (27)

Rup = Sup + Iup + nup, (28)

where S, I , and n are the overall signal, interference, and noise
components of the correlation functions, respectively, which are
defined according to

Sdown �
{√

Cejϑ sin(MAθ(Δeθ+ξθ))
sin(Aθ(Δeθ+ξθ))

, if | sinφ0| < ηthr,√
Cejϑ sin(NBθ(Δeθ+ξθ))

sin(Bθ(Δeθ+ξθ))
, otherwise,

(29)

Idown �
{∑M−1

m=0 I
′
m,n,qΥm, if | sinφ0| < ηthr,∑N−1

n=0 I ′m,n,qΥn, otherwise,
(30)

ndown �
{∑M−1

m=0 W
′′
m,n,qΥm, if | sinφ0| < ηthr,∑N−1

n=0 W ′′
m,n,qΥn, otherwise,

(31)

where ndown ∼ CN (0,Mσ2) for | sinφ0| < ηthr and ndown ∼
CN (0, Nσ2) otherwise; ϑ is the overall phase;

Aθ � ωcd

2c
cos θ̂0 cos φ̂0, (32)

Bθ � ωcd

2c
cos θ̂0 sin φ̂0, (33)

Sup has similar structure to Sdown except for a negative sign
before ξθ; and Iup and nup have similar structure to Idown and
ndown except for Υ∗ instead of Υ.

To evaluate the performance of the ELL discriminator func-
tion (23) in the presence of noise, an AWGN channel is first
considered, where Idown = Iup = 0. In an AWGN channel, the
elevation angle discriminator function (23) can be rewritten as

Dθ = Sθ + nθ,

Fig. 3. ELL S-curve for C = 1, Ns = 1, M = N = 8, φ0 = π/6, and
different values of θ0.

where Sθ is the S-curve, representing the signal part of the
discriminator function given by

Sθ=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

CNNs

[(
sin(MAθ(Δeθ+ξθ))
sin(Aθ(Δeθ+ξθ))

)2

−
(
sin(MAθ(Δeθ−ξθ))
sin(Aθ(Δeθ−ξθ))

)2
]
,

if | sinφ0| < ηthr,

CMNs

[(
sin(NBθ(Δeθ+ξθ))
sin(Bθ(Δeθ+ξθ))

)2

−
(
sin(NBθ(Δeθ−ξθ))
sin(Bθ(Δeθ−ξθ))

)2
]
,

otherwise,
(34)

and nθ is the noise part of the discriminator function. It can be
shown that nθ is zero-mean with the following variance (see
Appendix C)

var{nθ}=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4NsNM2σ4
(
1 + C

Mσ2 sin2( π
2M )

)
,

if | sinφ0| < ηthr and ξθ = π
2MAθ

,

4NsMN2σ4
(
1 + C

Nσ2 sin2( π
2N )

)
,

if | sinφ0| ≥ ηthr and ξθ = π
2NBθ

.

(35)

In the sequel, the ELL correlator spacing is assumed to be ξθ =
π

2MAθ
for | sinφ0| < ηthr and ξθ = π

2NBθ
otherwise.

It can be seen from (34) that the ELL S-curve depends on the
elevation and azimuth angles and the correlator spacings. Fig. 3
shows the ELL S-curve defined in (34), for C = 1, Ns = 1,
M = N = 8, φ0 = π/6, and different values of θ0.

2) Closed-Loop Statistics of the Elevation Angle Error: For
small values of Δeθ, the elevation angle discriminator function
defined in (23), can be approximated by a linear function given
by

Dθ = kθΔeθ + nθ,

where kθ is the slope of the S-curve (34) at Δeθ = 0, which is
obtained by

kθ =
∂Sθ

∂Δeθ

∣∣∣
Δeθ=0

=

⎧⎨
⎩
−4CNNsAθ

cos( π
2M )

sin3( π
2M )

, if | sinφ0| < ηthr,

−4CMNsBθ
cos( π

2N )

sin3( π
2N )

, otherwise.

Authorized licensed use limited to: Access paid by The UC Irvine Libraries. Downloaded on August 13,2021 at 06:04:20 UTC from IEEE Xplore.  Restrictions apply. 



2696 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 69, 2021

A second-order loop filter can be used to track the linear
changes in the elevation angle, with the transfer function

H(s) =
4πζfNs+ (2πfN )2

s2 + 4πζfNs+ (2πfN )2
, (36)

where ζ is the damping ratio and fN is the undamped natural
frequency, which is related to the noise equivalent bandwidth
of the loop according to BL = 1.06πfN [53]. The value of the
damping ratio ζ = 1/

√
2 was selected based on Section 12.3.4

of [53], where the step responses of different damping ratios
are compared and it is shown that a step response with damping
ratio ζ = 1/

√
2 is sufficiently fast with a small overshoot. It

is possible to find the optimal value of fN empirically, similar
to the work of [54], or to auto-tune it based on the variance
of the tracking error. The loop filter transfer function in (36)
is discretized and realized in state-space. In this paper, the
discretization was performed via MATLAB’s function c2d us-
ing the “bilinear (tustin)” method. It has been shown that the
open-loop and closed-loop noise variances have the following
relationship [53]

σ2
cl =

2BLTsubσ
2
ol

k2s
, (37)

where σol and σcl represent the open-loop and closed-loop
standard deviations, respectively; ks is the slope of discriminator
function’s S-curve; and Tsub is the time interval between two
samples, which can be set to one LTE frame length, i.e., 10 ms.
Using the derived open-loop noise variance in (35), a second-
order loop filter with transfer function (36), and the relationship
between open-loop and closed-loop variances for a second-order
loop filter (37), the variance of the closed-loop elevation angle
estimation error can be obtained as

σ2
θ =

2BLTsubvar{nθ}
k2θ

≈
⎧⎨
⎩

BLTsubM
2NNsA2

θ C/σ2

sin4( π
2M )

cos2( π
2M ) , if | sinφ0| < ηthr,

BLTsubN
2MNsB2

θ C/σ2

sin4( π
2N )

cos2( π
2N ) , otherwise,

(38)

where the approximation is valid for large C/σ2.
The following remarks can be made from (38):
� The variance of the elevation angle estimation error de-

pends on the elevation and azimuth angles values at each
time.

� The variance of the error has its highest value at cos θ ≈ 0.
� The variance of the elevation angle estimation error is

inversely proportional to (C/σ2).
3) Elevation Angle Error Analysis in a Multipath Environ-

ment: In the presence of multipath, the ELL discriminator func-
tion defined in (23), can be rewritten as

Dθ = Sθ + Iθ + nθ,

where Iθ is the effect of multipath on the discriminator function,
and is given by

Iθ =

Ns−1∑
q=0

[
2�{

S∗
down · Idownq

}
+ |Idownq

|2]

− [
2�{

S∗
up · Iupq

}
+ |Iupq

|2] .

Fig. 4. Evaluating the effect of the multipath signal on elevation angle es-
timation for an environment with L = 2, α1 = 0.2512, c(τ1 − τ0) = 100
m, θ0 = φ0 = π/4, and Ns = 200. (a) Elevation angle estimation error for
different azimuth and elevation angles of multipath, assuming M = N = 16
and (b) amplitude of the maximum elevation angle estimation error for different
number of antenna elements.

Fig. 4(a) shows the elevation angle estimation error for an en-
vironment with L = 2, α1 = 0.2512, c(τ1 − τ0) = 100 m, and
θ0 = φ0 = π/4. The receiver is assumed to have M = N = 16
and Ns = 200. The results, which are presented for different
multipath azimuth and elevation angles, show that the error
depends on the relative azimuth and elevation angles of the
multipath signal with respect to the LOS signal. Fig. 4(b) shows
the amplitude of the maximum elevation angle estimation error
for the same multipath settings as Fig. 4(a), but for different
number of antenna elements M = N .

The following remarks can be made from the results presented
in this subsection:
� The elevation angle estimation error due to multipath

depends on the relative azimuth and elevation angles of
multipath with respect to the LOS signal.

� The elevation angle estimation error due to multipath de-
pends on the LOS azimuth and elevation angles.

� Increasing the number of antennas reduces the elevation
angle estimation error caused by multipath.

B. ALL

1) Discriminator Function: Similar to an ELL, the ALL
discriminator function is defined to be

Dφ �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑Ns−1
q=0

∑M−1
m=0

[|Rleft|2−|Rright|2
]
,

if | sinφ0| < ηthr,∑Ns−1
q=0

∑N−1
n=0

[|Rleft|2−|Rright|2
]
,

otherwise.

(39)

whereRleft andRright are the left and right correlation functions
defined as

Rleft �
{
|∑N−1

n=0 H ′′
m,n,qΥn|, if | sinφ0| < ηthr,

|∑M−1
m=0 H

′′
m,n,qΥm|, otherwise,

Rright �
{∑N−1

n=0 H ′′
m,n,qΥ

∗
n, if | sinφ0| < ηthr,∑M−1

m=0 H
′′
m,n,qΥ

∗
m, otherwise.

Note that Υ in an ALL is the left-right locally generated signal,
defined as

Υm �
{
ej

ωcd
c (m sin θ̂0 cos φ̂0ξφ), if | sinφ0| < ηthr,

e−j ωcd
c (m sin θ̂0 sin φ̂0ξφ), otherwise,
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Fig. 5. ALL S-curve for C = 1, Ns = 1, M = N = 8, ηthr =
√
2
2 , θ0 =

π/4, and different values of φ0.

where ξφ is the left-right correlator spacing.
In an AWGN channel, the ALL discriminator function defined

in (39), can be rewritten according to Dφ = Sφ + nφ, where Sφ

is the azimuth angle S-curve, representing the signal part of the
discriminator function given by

Sφ=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

CMNs

[(
sin(NBφ(Δeφ+ξφ))
sin(Bφ(Δeφ+ξφ))

)2

−
(

sin(NBφ(Δeφ−ξφ))
sin(Bφ(Δeφ−ξφ))

)2
]
,

if | sinφ0| < ηthr,

CNNs

[(
sin(MAφ(Δeφ+ξφ))
sin(Aφ(Δeφ+ξφ))

)2

−
(

sin(MAφ(Δeφ−ξφ))
sin(Aφ(Δeφ−ξφ))

)2
]
,

otherwise,
(40)

where Aφ � ωcd
2c sin θ̂0 sin φ̂0 and Bφ � ωcd

2c sin θ̂0 cos φ̂0. It
can be shown that the noise part of the ALL discriminator
function, (39), nφ is zero-mean with the following variance

var{nφ}=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4NsMN2σ4
(
1+ C

Nσ2 sin2( π
2N )

)
,

if ξφ = π
2NBφ

and | sinφ0| < ηthr,

4NsNM2σ4
(
1+ C

Mσ2 sin2( π
2M )

)
,

if ξφ = π
2MAφ

and | sinφ0| ≥ ηthr.

(41)

In the sequel, the left-right correlator spacing is assumed to be
ξφ = π

2NBφ
for | sinφ0| < ηthr and ξφ = π

2MAφ
otherwise.

It can be seen from (40) that the shape of the ALL S-curve
depends on the elevation and azimuth angles. Fig. 5 shows the
ALL S-curve forC = 1,Ns = 1,M = N = 8,ηthr =

√
2
2 , θ0 =

π/4, and different values of φ0.
2) Closed-Loop Statistics of the Azimuth Angle Error: For

small values of Δeφ, the ALL discriminator function defined in
(39), can be approximated by a linear function given by Dφ =
kφΔeφ + nφ, where kφ is the slope of the S-curve at Δeφ = 0
given by

kφ =

⎧⎪⎨
⎪⎩
−4CMNsBφ

cos( π
2N )

sin3( π
2N )

, if | sinφ0| < ηthr,

−4CNNsAφ
cos( π

2M )
sin3( π

2M )
, otherwise.

Using the derived open-loop noise variance in (41), a second-
order loop filter with transfer function (36), and the relationship

Fig. 6. Evaluating the effect of multipath signal on the azimuth angle es-

timation for θ
(u)
0 = φ

(u)
0 = π/4, L = 2, α1 = 0.2512, and Ns = 200. (a)

Azimuth angle estimation error for different azimuth and elevation angles of
multipath, assuming M = N = 16 and (b) amplitude of the maximum azimuth
angle estimation error for different number of antenna elements.

between open-loop and closed-loop variance for a second-order
loop filter (37), the variance of the closed-loop azimuth angle
estimation error can be obtained as

σ2
φ ≈

⎧⎨
⎩

BLTsubN
2MNsB2

φ C/σ2

sin4( π
2N )

cos2( π
2N ) , if | sinφ0| < ηthr,

BLTsubM
2NNsA2

φ C/σ2

sin4( π
2M )

cos2( π
2M ) , otherwise,

(42)

where the approximation is valid for large C/σ2.
The following remarks can be made based on (42):
� The variance of the azimuth angle estimation error depends

on the elevation and azimuth angles values.
� The variance of the azimuth angle estimation error has its

highest value at sin θ0 ≈ 0.
� The variance of the azimuth angle estimation error is

inversely proportional to (C/σ2).
3) Azimuth Angle Error Analysis in a Multipath Environ-

ment: In the presence of multipath, the ALL discriminator func-
tion defined in (39), can be rewritten as Dφ = Sφ + Iφ + nφ,
where Iφ is the effect of multipath on the discriminator output
given by

Iφ =

Ns−1∑
q=0

[
2�{S∗

left · Ileft}+ |Ileft|2
]

− [
2�{

S∗
right · Iright

}
+ |Iright|2

]
.

where Sleft, Sright, Ileft, Iright can be defined similar to (29) and
(30).

Fig. 6(a) shows the azimuth angle estimation error for a an
environment with L = 2, α1 = 0.2512, θ0 = φ0 = π/4. The
receiver is assumed to have M = N = 16 and Ns = 200. The
results, which are presented for different multipath azimuth and
elevation angles, show that the error depends on the relative
azimuth and elevation angles of the multipath signal with respect
to the LOS signal. Fig. 6(b) shows the amplitude of the maximum
azimuth angle estimation error for the same multipath settings as
Fig. 6(a), but for different number of antenna elements. Similar
remarks as the ELL can be made from these results.

C. DLL

The structure of the DLL was discussed in details in [55]
and [9]. In this section, the presented results in [55] and [9] are
adapted to the UPA antenna array.
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Fig. 7. DLL S-curve for C = 1, M = N = 1 and Ns = 200.

1) Discriminator Function: The DLL discriminator function
is defined as

Dτ �
M−1∑
m=0

N−1∑
n=0

[|Rlate|2 − |Rearly|2
]
, (43)

where Rearly and Rlate are early and late correlation func-
tions, which are obtained by the cross-correlation of H ′′

m,n,q

with the early-late locally generated signal and its conjugate,
respectively. An early-late locally generated signal is defined to
be Υq � ej2πqfsNCRSξτ , where ξτ is the early-late correlator
spacing.

For an AWGN channel, the DLL discriminator function de-
fined in (43), can be rewritten as Dτ = Sτ + nτ , where Sτ

is the DLL S-curve, representing the signal part of the DLL
discriminator function given by

Sτ = CMN

[(
sin (πfsNCRSNs(Δeτ + ξτ ))

sin (πfsNCRS(Δeτ + ξτ ))

)2

−
(
sin (πfsNCRSNs(Δeτ − ξτ ))

sin (πfsNCRS(Δeτ − ξτ ))

)2
]
. (44)

andnτ is the noise component with zero-mean and the following
variance

var{nτ} ≤ 4MNN2
s σ

4

[
1 +

C sin (πfsNCRSNsξτ )

Nsσ2 sin2(πfsNCRSξτ )

]
.

(45)

where the equality holds for ξτ = 1
2fsNCRSNs

, which is used in
the rest of the paper [55]. Fig. 7 shows Sτ for C = 1, M = N =
1 and Ns = 200. It can be seen from (44) that, in contrast to Sθ

and Sφ, which depend on θ0 and φ0, the DLL S-curve Sτ does
not depend on τ0.

2) Closed-Loop Statistics of the Delay Error: For small val-
ues of Δeτ , the DLL discriminator function (43) can be approx-
imated by a linear function, according to Dτ = kτΔeτ + nτ ,
where kτ is the slope of Sτ defined in (44), for Δeτ = 0, given
by

kτ = −4πCMNfsNCRS

cos( π
2Ns

)

sin3( π
2Ns

)
.

Using the derived open-loop noise variance in (45), a second-
order loop filter with transfer function (36), and the relationship

Fig. 8. Evaluating the effect of multipath on the TOA estimation for L =
2, α1 = 0.2512, M = N = 1, and Ns = 200. (a) TOA estimation error for
different multipath delays and (b) amplitude of the maximum TOA estimation
error for different Ns.

between open-loop and closed-loop variance for a second-order
loop filter (37), the variance of the closed-loop delay estimation
error can be obtained as

σ2
τ ≈ BLTsubNs

2π2MNf2
sN

2
CRS C/σ2

sin4( π
2Ns

)

cos2( π
2Ns

)
. (46)

3) Delay Error Analysis in a Multipath Environment: In the
presence of multipath, the DLL discriminator function presented
in (43), can be rewritten as Dτ = Sτ + Iτ + nτ , where Iτ is the
effect of multipath on the DLL output given by

Iτ =
M−1∑
m=0

N−1∑
n=0

[
2�{S∗

lateIlate}+ |Ilate|2
]

− [
2�{

S∗
earlyIearly

}
+ |Iearly|2

]
.

Fig. 8(a) shows the error caused by multipath on the TOA
estimation for L = 2, α1 = 0.2512, M = N = 16, and Ns =
200. It can be seen that multipath delay changes the error in
TOA estimation. Fig. 8(b) shows amplitude of the maximum
delay estimation error due to multipath for different Ns values.
It can be seen that increasing Ns reduces the TOA estimation
error. In contrast to the ELL and ALL, the TOA estimation error
due to the multipath only depends on the relative multipath delay
with respect to the LOS TOA.

VI. CRAMÉR-RAO LOWER BOUND

This section derives the CRLB of the TOA and DOA of
both the LOS and multipath signals. This CRLB can be used in
evaluating the performance of the applications that exploit both
LOS and multipath signals (e.g., a multipath assisted positioning
approach that was proposed in [56]). Then, the CRLB of the
LOS signal is simplified to provide a better insight of the effect
of different parameters on the lower-bound.

The measurements are considered to be the CFRs of all UPA
antenna elements and at different CRS subcarriers. It can be
shown that the matrix of CFRs at all antenna elements and on
the q-th CRS subcarrier Hq can be written as

Hq = Xdiag
{
b ◦ z′

q

}
YT,

where X � [x0, . . . ,xL−1]; xi � [1, xi, . . . , x
M−1
i ]

T
;

Y � [y0, . . . ,yL−1]; yi � [1, yi, . . . , y
N−1
i ]

T
; b �
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√
C[β0, . . . , βL−1]

T; z′
q � [zq0 , . . . , z

q
L−1]

T, and xi, yi, and zi
are defined in (2), (3), and (4), respectively..

Using the equality of vec{A1diag{a}AT
2} = (A2 �A1)a

for any vector a and matrices A1 and A2 of the proper size [33],
[41], the vector vec[Hq] can be obtained as

vec [Hq] = [Y �X]
(
b ◦ z′

q

)
= [Y �X] diag {b} z′

q. (47)

Define G � [vec{H0}, . . . , vec{HNs−1}]. Using (47), G
can be rewritten as

G = [Y �X] diag {b}ZT,

where Z � [z0, . . . ,zL−1], zi � [1, zi, . . . , z
Ns−1
i ]

T
, and zi is

defined in (4). Therefore, g = vec[G] can be obtained as g =
Sb, where S � Z� [Y �X]. The same approach can be used
for the estimated CFRs, resulting in

ĝ = Sb+w, (48)

where w = vec[W] represents the noise effect. It can be shown
(see Appendix D) that the CRLB of the relevant parameters
η = [θ,φ, τ ] for a UPA-LTE system, yielding

CRLB(η) =
σ2

2

{�[BH
eD

H (I− SS†)DBe

]}−1
, (49)

where Be and D are defined in (63) and (64), respectively.
The above results can be simplified to the following (see

Appendix E) for a channel with only a LOS signal.

σ2
θ0,CRLB =

6

C/σ2MNNs(ωcd/c)2 cos2 θ0

1[
(N2 − 1) sin2 φ0 + (M2 − 1) cos2 φ0

] , (50)

σ2
φ0,CRLB =

6

C/σ2MNNs(ωcd/c)2 sin
2 θ0

1[
(N2 − 1) cos2 φ0 + (M2 − 1) sin2 φ0

] , (51)

σ2
τ0,CRLB =

6

C/σ2MNNs(N2
s − 1)(2πfsNCRS)2

. (52)

The following remarks can be made from (50)–(52):
� For M = N , both azimuth and elevation angles’ CRLBs

are independent of the actual azimuth angle.
� The azimuth and elevation angles’ CRLBs tend to infinity

for sin θ0 = 0 and cos θ0 = 0, respectively.
� The TOA CRLB does not depend on the DOA and TOA

values.

VII. COMPUTATIONAL COMPLEXITY

The MP algorithm is the most common approach in the
literature to jointly estimate the TOA and DOA of the received
signal. Therefore, in this section, the computational complexity
of the proposed receiver is compared against a receiver that only
exploits a 3-D MP algorithm to estimate the TOA and DOA (i.e.,
the tracking stage is not used). Note that in the proposed receiver,

the 3-D MP algorithm is only used once in the acquisition stage
and after that the computation is only performed in the tracking
stage. Therefore, the effect of the complexity of the 3-D MP
algorithm in evaluating the proposed receiver’s computational
complexity is negligible.

In a receiver with the 3-D MP algorithm, the most com-
putationally intensive step is to estimate the signal subspace
using the SVD decomposition, which requires 17P 3 K3R3/3 +
2P 2 K2R2(M − P + 1)(N −K + 1)(Ns −R+ 1) real mul-
tiplications [57]. However, in the proposed receiver, the discrim-
inator functions are the most computationally intensive steps in
the tracking stage, which require 8(MN +Ns) real multiplica-
tions. Since pencil parametersP ,K, andR are linearly related to
the UPA’s size M and N and the number of CRS subcarriers Ns

and knowing that in practical situationsNs is significantly larger
thanM andN , it can be concluded that the 3-D MP algorithm has
a computational complexity of O(N3

s ), while the computational
complexity of the proposed receiver is significantly lower and
is on the order of O(Ns).

VIII. SIMULATION RESULTS

This section presents simulation results to evaluate the
performance of the proposed acquisition and tracking stages
and demonstrate the analytical results derived in Sections IV
to VI.

A. Acquisition Stage Noise Performance

To evaluate the acquisition stage performance, a CFR was
modeled based on (1) and for M = N = Ns = 32, P = K =
R = �M/3�, L = 1, τ0 = 0, φ0 = θ0 = π/4. Then, for each
C/σ2, 300 different noise realizations with the proper σ2 were
added to the CFRs. The MP algorithm presented in Subsection
IV-A was used to estimate TOAs and DOAs for each generated
CFR and the standard deviation of the estimation errors were
obtained, which represents the noise performance of the acqui-
sition stage. Fig. 9 shows the simulation results with blue ‘+’
markers. The derived analytical results in (19), (20), and (21)
are plotted with the solid blue lines, which show the simulation
results follow the analytical results closely.

The CRLBs of the TOA and DOA, which were derived in
(50), (51), and (52), can be used to evaluate the performance of
the acquisition stage. Fig. 9 shows the TOA and DOA CRLBs
with dashed orange lines. It can be seen that the acquisition stage
noise performance is very close to the CRLB.

B. Tracking Stage Noise Performance

To evaluate the performance of the tracking stage, a similar
approach to Subsection VIII-A was used to generate CFRs
for L = 1, τ0 = 0, φ0 = θ0 = π/4. Then, the tracking stage
noise performance was obtained for different M = N = Ns,
BL, and C/σ2, and was compared to the results derived in
(38), (42), and (46). It can be seen that the simulation re-
sults (‘o’ markers) follow the analytical results (solid lines)
closely.
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Fig. 9. CRLB and acquisition stage standard deviation of elevation and az-
imuth angles and delay estimation errors for different C/σ2. The results are
presented for M = N = Ns = 32, P = K = R = �M/3�, L = 1, τ0 = 0,
φ0 = θ0 = π/4.

IX. EXPERIMENTAL RESULTS

To evaluate the performance of the proposed framework, a
field test was conducted with real LTE signals in the Anteater
parking structure at the University of California, Irvine, USA.
This section presents the experimental setup and obtained re-
sults. Note that the main scope of this manuscript is to extract
TOA and DOA from LTE signals. One can use a navigation
framework such as the one proposed in [31] to exploit the derived
TOAs and DOAs for localization purpose.

A. Hardware and Software Setup

To perform the experiment, a cart was equipped with
� Four consumer-grade 800/1900 MHz Laird cellular omni-

directional antennas to record LTE signals. The antennas
were arranged in a 2× 2 UPA array structure with d = 7
cm.

� A National Instruments (NI) four-channel universal soft-
ware radio peripherals (USRPs)-2955 to simultaneously
down-mix and synchronously sample the LTE signals re-
ceived by the four antennas at a sampling rate of 10 MSps
and a carrier frequency of 1955 MHz.

� A host laptop computer to store the samples for post-
processing.

� An NI USRP 2930 and a consumer-grade 800/1900 MHz
LTE antenna to transmit a tone signal before performing
the experiment to remove the initial phase offsets between
different elements of the antenna array.

� A GPS antenna to discipline the USRP’s oscillator. This
will keep the oscillator’s drift as low as possible, which
can eventually help the readers visualize the pseudorange
results. In general, the results do not need GPS and are
reproducible without it. In fact, the main purpose of this
manuscript is to achieve navigation observables from LTE
signals in GNSS-challenged environments.

Fig. 10. Tracking stage standard deviation of elevation and azimuth angles
and delay estimation errors for different C/σ2. The results are presented for
L = 1, τ0 = 0, φ0 = θ0 = π/4.

Fig. 11. (a) Experimental hardware setup and (b) location of the LTE eNodeB,
the traversed trajectory, and the environmental layout of the experiment.

� A Septentrio AsteRx-i V, which was equipped with a dual
antenna multi-frequency GNSS receiver with real-time
kinematic (RTK) and a Vectornav VN-100 micro elec-
tromechanical systems (MEMS) inertial measurement unit
(IMU) to estimate the position and orientation of the ground
vehicle, which was used as the “ground truth.” According
to the Septentrio’s product specification, Septentrio AsteRx
receiver provides cm-level accuracy, which is sufficiently
accurate to be used as a ground truth for evaluating the
proposed approach [58].

Fig. 11(a) shows the experimental hardware setup. The location
of the LTE eNodeB, the traversed trajectory, and the environ-
mental layout of the experiment is shown in Fig. 11(b).
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Fig. 12. Estimated TOA and DOA obtained by MP algorithm and the proposed
receiver structure.

The receiver traversed a trajectory of 153 m over 180 s, while
listening to 1 LTE eNodeBs. The true orientation of the receiver
was obtained using the Septentrio device described above.

B. Calibration

The USRP’s filters, mixers, amplifiers, and phase locked-
loops may contribute to a phase error on the received signals
from different antennas. This phase error may vary with time,
temperature, and mechanical conditions. To remove these errors,
an initial and periodic calibration is required [59]. For this
purpose, a calibration tone was transmitted to all the USRP’s
channels over the air with an antenna that was placed in the
middle of the array with equal distance to all the antennas in the
array. Next, the phase and amplitude differences between all the
channels with the first channel was measured. Then, the phase
and amplitude difference was removed from the received signals
over the course of the experiment. Since the phase differences
may vary with time and temperature, it is important to perform
the calibration routine before each experiment.

C. Results

To the authors knowledge, there is no similar platform for
extracting TOA and elevation and azimuth angles from received
LTE signals to compare the proposed receiver to. However, in
general, the most common approach in jointly estimating TOA
and DOA in the literature is the MP algorithm. Therefore, in
this subsection, the performance of the proposed receiver is
compared against this algorithm. For this purpose, the stored
LTE samples were used to jointly estimate the TOA and DOA
of the received LTE signals using (1) only MP algorithm and (2)
the proposed receiver structure. Then, the results were compared
against the true value, which are shown in Fig. 12. Fig. 12(c)
compares the estimated pseudoranges with the true range. Note
that the initial bias is removed from the range and pseudoranges
for comparison purposes. The difference between the true range
and the estimated pseudoranges are due to noise, multipath,
and clock drift. In order to remove the effect of the clock, a

TABLE I
STANDARD DEVIATION OF THE ESTIMATED TOA AND DOA ERRORS

linear function was mapped to the error, which represents a
constant clock drift model. The estimated drift was -0.11 m/s.
Then, this function was used to remove the effect of clock
drift from the pseudoranges. Fig. 12(d) shows the estimated
ranges after removing the effect of the clock. Table I compares
the standard deviation of the TOA and DOA errors. It can be
seen that a reduction of 93%, 57%, and 31% in the standard
deviation of the estimated TOA, azimuth, and elevation angles
errors, respectively, was achieved using the proposed receiver
structure compared to the MP algorithm. Note that the MDL
method tends to overestimate the channel length. As a result,
the MP algorithm has an outlier. Since pseudorange estimates
are obtained by multiplying TOA estimates with the speed of
light, this outlier tends to have large numbers, which results in
large estimation error standard deviation. Note that the y-axis in
Fig. 12 is limited for better visualization and does not show the
outlier completely.

X. CONCLUSION

This paper developed a receiver structure to jointly estimate
the TOA and DOA of LTE signals. In the proposed receiver,
the MP algorithm was used in the acquisition stage to obtain a
coarse estimate of the TOA and DOA. Then, a tracking loop was
proposed to refine these estimates and track their changes. The
performance of each stage was analyzed in the presence of noise
and multipath. The CRLBs of the TOA and DOA were derived to
obtain the best-case performance. It was shown that the proposed
receiver structure can significantly reduce the complexity of the
MP algorithm. Simulation results were provided to demonstrate
the analytical results and evaluate the performance. Experimen-
tal results with real LTE signals were presented showing that the
proposed receiver structure can reduce the standard deviation of
the estimated TOA, azimuth, and elevation angles errors by 93%,
57%, and 31%, respectively, compared to the MP algorithm.
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APPENDIX A

DERIVATION OF EQUATION (13)

In order to prove (13), first (12) is rewritten as

H ′
m,n,q =

√
Cβ0e

j mωcd
c (sin θ0 cosφ0−sin θ̂0 cos φ̂0)

ej
nωcd

c (sin θ0 sinφ0−sin θ̂0 sin φ̂0)

e−j2πqfsNCRS(τ0−τ̂0)

+ Im,n(q) + V ′
m,n(k), (53)
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It can be shown that for small values of eθ and eφ the following
equalities hold.

sin
(
θ̂0

)
= sin (θ0 + eθ)

≈ sin (θ0) + cos (θ0) eθ (54)

sin
(
φ̂0

)
= sin (φ0 + eφ)

≈ sin (φ0) + cos (φ0) eφ (55)

cos
(
φ̂0

)
= cos (φ0 + eφ)

≈ cos (φ0)− sin (φ0) eφ (56)

Using (54), (55), and (56), it can be shown that

sin θ̂0cos φ̂0= sin θ0cosφ0−sin θ0sinφ0eφ

+cos θ0cosφ0eθ−cos θ0sinφ0eθeφ (57)

sin θ̂0sin φ̂0= sin θ0sinφ0+sin θ0cosφ0eφ

+cos θ0sinφ0eθ+cos θ0cosφ0eθeφ (58)

where for small values of eθ and eφ, the last terms in (57) and
(58) can be neglected. After replacing (57) and (58) into (53), it
can be shown that (13) holds.

APPENDIX B

NEED FOR MULTIPLE CASES IN ELL DISCRIMINATOR

FUNCTION IN (23)

Assume that one may not want to use different cases for the
discriminator function. Therefore, the sum in the discriminator
function in (23) must be done with respect to both m and n and
Υm,n can be defined as the multiplication of two cases in (26)
according to

Υm,n � ej
ωcdξθ

c (m cos θ̂0 cos φ̂0+n cos θ̂0 sin φ̂0).

In this case, the ELL S-curve will be defined as the sum of
both cases in (34). Therefore, the ELL S-curve will have inverse
relationship to (32) and (33) and tends to infinity for cosφ0 = 0
and sinφ0 = 0. This results in unbounded tracking error for
the estimated azimuth angle. By defining two cases in the
discriminator function, this problem can be solved.

APPENDIX C

DERIVATION OF ELL NOISE VARIANCE (35)

In order to derive (35), first the variance of |Rdown| in (24) is
derived for | sinφ0| < ηthr. Using the equality of

∑K−1
k=0 αi =

1−αK

1−α for |α| < 1 and for small values of TOA and DOA errors,
the equality of Rdown in (24) can be simplified to (27).

|Rdown|2 =

[√
C cosϑ

sin (MAθ(Δeθ + ξθ))

sin (Aθ(Δeθ + ξθ))
+ ndown,r

]2

+

[√
C sinϑ

sin (MAθ(Δeθ + ξθ))

sin (Aθ(Δeθ + ξθ))
+ ndown,i

]2
,

(59)

where ndown = ndown,r + jndown,i is defined in (31) and
ndown,r and ndown,i represent the real and imaginary parts of
ndown and are independent with zero-mean and variance of
var{ndown}/2. The mean and variance of (59) can be derived
according to

E
{|Rdown|2

}
= C

[
sin (MAθ(Δeθ + ξθ))

sin (Aθ(Δeθ + ξθ))

]2
+Mσ2,

(60)

var
{|Rdown|2

}
= E

{(|Rdown|2 − E
{|Rdown|2

})2}
= 2M2σ4 (1

+
C

Mσ2

[
sin (MAθ(Δeθ + ξθ))

sin (Aθ(Δeθ + ξθ))

]2)
.

(61)

The variance of |Rup| in (25) for | sinφ0| < ηthr, has the same
relationship as (61), but with −ξθ instead of ξθ. Therefore,
the variance of ELL discriminator function’s noise in (35) for
| sinφ0| < ηthr can be obtained as

var {nθ} = {Dθ}
= NNs

(
var

{|Rdown|2
}− var

{|Rup|2
})

≈ 4NNsM
2σ4

(
1 +

C

Mσ2 sin2
(

π
2M

)
)∣∣∣∣∣ξθ= π

2MAθ
Δeθ≈0

(62)

The same approach can be used to prove (35) for | sinφ0| ≥ ηthr.

APPENDIX D

DERIVATION OF CRLB (49)

The estimated CFRs in space and frequency domain, which
were presented by g in (48), have independent and identical
Gaussian distribution. Therefore, the log-likelihood of g follows

l(η) = − MNNs

2
ln
(
2πσ2

)
+

1

σ2

(
−gHg + gHSb+ bHSHg − bHSHSb

)
.

The derivative of the log-likelihood with respect to θi, φi, and
τi for i = 0, . . . , L− 1, can be obtained according to

∂l

∂θi
=

2

σ2
�
{
β∗
id

H
θi
w
}
,

∂l

∂φi
=

2

σ2
�
{
β∗
id

H
φi
w
}
,

∂l

∂τi
=

2

σ2
�
{
β∗
id

H
τi
w
}
,

where

dθi = zi ⊗ (∂yi/∂θi ⊗ xi + yi ⊗ ∂xi/∂θi) ,

dφi
= zi ⊗ (∂yi/∂φi ⊗ xi + yi ⊗ ∂xi/∂φi) ,

dτi = ∂zi/∂τi ⊗ (yi ⊗ xi) ,
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are the derivative of the i-th column of S with respect to θi,
φi, and τi, respectively. Therefore, the derivative of the log-
likelihood function with respect to the relevant parameters η =
[θ,φ, τ ] can be written as

∂l

∂η
=

2

σ2
�
{[

β∗
id

H
θ0
w, . . . , β∗

L−1d
H
θL−1

w,

β∗
0d

H
φ0
w, . . . , β∗

L−1d
H
φL−1

w,

β∗
0d

H
τ0
w, . . . , β∗

L−1d
H
τL−1

w
]T
}

=
2

σ2
�{

BH
eD

Hw
}

Be = I3 ⊗ diag {b} , (63)

D = [∂S/∂θ, ∂S/∂φ, ∂S/∂τ ] , (64)

∂S/∂θ = [dθ0 , . . . ,dθL−1
] ,

∂S/∂φ = [dφ0
, . . . ,dφL−1

] ,

∂S/∂τ = [dτ0 , . . . ,dτL−1
] .

The Fisher information matrix (FIM) can now be obtained as

FIM = E

{
∂l

∂η

∂l

∂η

T
}
.

Using Theorem 4.1 of [60] and the above FIM, the CRLB of η
can be obtaines as (49).

APPENDIX E

DERIVATION OF LOS CRLB (50)–(52)

The diagonal elements of the CRLB(η) in (49) represent
the CRLB of θ, φ, and τ error variances. For L = 1, D =
[dθ0 ,dφ0

,dτ0 ] and S = z0 ⊗ (y0 ⊗ x0) is a vector, which is
replaced by s to follow the notations. Therefore, the DOA and
TOA CRLB error variances can be simplified to

σ2
θ0,CRLB=

σ2

2

{
�
[
C
(
dH
θ0
dθ0 − dH

θ0
s(sHs)−1sHdθ0

)]}−1

,

σ2
φ0,CRLB=

σ2

2

{
�
[
C
(
dH
φ0
dφ0

− dH
φ0
s(sHs)−1sHdφ0

)]}−1

,

σ2
τ0,CRLB=

σ2

2

{
�
[
C
(
dH
τ0
dτ0 − dH

τ0
s(sHs)−1sHdτ0

)]}−1

,

For any matrices A1, A2, A3, and A4 of proper size, the gen-
eral relations (A1 ⊗A2)(A3 ⊗A3) = (A1A3)⊗ (A2A4)
and (A1 ⊗A2)

H = (AH
1 ⊗AH

2 ) hold. Using these relations, it

can be shown that the following equalities hold, which can be
used to obtain (50), (51), and (52).

sHs = MNNs,

dH
θ0
s=−j

ωcdNsMNcos θ0
2c

[(N−1)sinφ0+(M−1)cosφ0],

dH
φ0
s=−j

ωcdNsMNsin θ0
2c

[(N−1)cosφ0−(M−1)sinφ0],

dH
τ0
s=jπfsNCRSMNNs(Ns − 1),

dH
θ0
dθ0 =

MNNs

2

(
ωcd cos θ0

c

)2[
(N − 1)(2N − 1)

3
sin2 φ0

+
(M − 1)(2M − 1)

3
cos2 φ0

+ (N − 1)(M − 1) sinφ0 cosφ0

]
,

dH
φ0
dφ0

=
MNNs

2

(
ωcd sin θ0

c

)2 [
(N − 1)(2N − 1)

3
cos2 φ0

+
(M − 1)(2M − 1)

3
sin2 φ0

− (N − 1)(M − 1) sinφ0 cosφ0

]
,

dH
τ0
dτ0 =

MNNs(Ns − 1)(2Ns − 1)

6
(2πfsNCRS)

2,
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